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THE RELATIVE INTENSITIES OF REFLECTION OF X-RAYS 
FROM THE PRINCIPAL ATOMIC PLANES OF 
POWDERED SODIUM CHLORIDE* 


By Louts Harris, S. J. Bates, and D. A. MacINNEs 


ABSTRACT 


Measurements have been made on the relative intensities of reflection of the 
alpha doublet of characteristic molybdenum x-rays, from powdered sodium 
chloride, using the modified Bragg apparatus described in a previous communi- 
cation. Determinations were made with (a) filtered rays and (b) rays reflected 
from a calcite crystal. In a separate investigation the lines were obtained on 
photographic plates and their intensities were found photometrically. All three 
series gave results that are in agreement with the measurements of Bragg, 
James and Bosanquet on large crystals, after their results are corrected for their 
determinations of the “extinction” in those crystals. Our experiments thus indi- 
cate that results on measurements with 325 mesh powder are as free from the 
effects of ‘‘extinction’’ as are the results of the workers just mentioned. 


EFLECTIONS, or more properly diffractions, from crystals are 

complicated by the phenomenon of “extinction,” i.e., an additional 
absorption at angles at which reflection takes place. It has been pointed 
out a number of times that the least ambiguous results in measurements 
of intensities of reflection should be obtained from powders rather than 
from single large crystals. Darwin! has given a detailed discussion of the 
phenomenon of extinction, analyzing it into two effects, which will be 
discussed further below. 

The work to be described was undertaken with the purpose of develop- 
ing a technique for obtaining accurate measurements on intensities of 
reflection from crystal powders. Three series of determinations of the 
relative intensities of reflection from the principal atomic planes of 
sodium chloride were made using three different methods. The results 
have been corrected to indicate the “reflecting power” of the crystal 
at the observed points, and compared with the corresponding values of 


* Contribution from the Research Laboratory of Physical Chemistry, Massachusetts 
Institute of Technology, No. 184, and from the Gates Chemical Laboratory, California 
Institute of Technology, No. 102. 

1 Darwin, Phil. Mag. 43, 800 (1922). 
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Bragg, James and Bosanquet® obtained from corrected measurements 
from single crystals of rock salt. 

Two experimental arrangements were tested. The first of these is 
given diagrammatically in Fig. 1. X-rays from the water cooled Coolidge 
tube, which was furnished with a molybdenum target, passed through 
the slit S,, and the Zirconium filter (Zr), and then to the slit S2, the 
upper and lower halves of which could be adjusted as to width separately, 
the rays from the upper half going to the reference crystal and to the 
ionization chamber E’ to which a Bumstead electroscope was attached. 
The rays which passed through the lower half of slit S. were further 
limited by slit Ss and passed on to the pellet of powdered sodium chloride 


C from which the “‘reflected”’ rays were caught in the ionization chamber 
E and measured by a second Bumstead electroscope. The use of the 
reference crystal in intensity measurements has been described elsewhere.* 
The pellet of powdered salt, C, was continuously oscillated through a 
small angle by means of an electric motor and a cam designed to yield a 
uniform angular motion. This produced a greater “randomness” in the 
orientation of the particles. 

A convenient form of flat pellet of the powder (ground to pass through 
a 325 mesh sieve) was obtained by compressing, in a vice, the sifted 
material between two closely fitting plungers in a steel cylinder. 

With the apparatus as described a series of measurements was made 
by one of the authors (S. J. B.) on pellets of varying thicknesses of sodium 
chloride. The averages of several runs are given in column 2 of Table I. 
The intensity did not vary appreciably with thickness if it was near the 
optimum value given by the relation ¢ (optimum) = 1/y sec 6, where ¢ is 
the thickness of the pellet, u the linear absorption coefficient of the wave- 
length in question, and @ the incident angle of the rays. 

* Bragg, James and Bosanquet, Phil. Mag. 41, 308 (1921); 42, 1 (1921). 


* MacInnes and Shedlovsky, Phys. Rev., 27, 130 (1926). 
* Glockler and Traub, Phys. Zeits., 22, 345 (1921). 





REFLECTION OF X-RAYS 237 


A second series of measurements was later made by the same investi- 
gator using filtered x-rays and substituting a photographic plate for the 
ionization chambers. The intensities were then calculated from accurate 
photometric determinations made through the kindness of the Mt. Wilson 
Observatory, using the relations given by Glockler and Traub.‘ On 
account of the difficulties of the photographic method, the results were 
not as reproducible nor as trustworthy as those obtained by other 
methods. The values are, however, given in column 4 of Table I. 

On account of the difficulty experienced with the experimental arrange- 
ments just described in correcting for general radiation, which was but 


Fig. 2. 


partly removed by the zirconium screen, a radically different experi- 
mental procedure was adopted. A diagram of the modified apparatus is 
shown in Fig. 2. X-rays from the molybdenum target of the tube 7, after 
passing through the slit S,, were reflected from an exceptionally good 
calcite crystal C,, which was oriented so as to reflect the alpha doublet 
of the rays through the slit S:, from which the resulting substantially 
monochromatic rays passed to the powdered crystals C3. The reference 
crystal C2 was used as in the experiments already described. It was of 
interest to see to what extent we were successful in obtaining mono- 
chromatic x-rays by this apparatus. For that purpose a rock salt crystal 
was substituted for the powder and the rays passing through slit Sz were 
analyzed. The results were as follows in arbitrary units of intensity: 
a doublet 100.0, 8 line 0.00, half wave-length, 2.4, one third wave-length, 
1.0. The general radiation was smaller than the experimental error in 
reading the electroscopes. A third series of intensity measurements with 
the modified method was made on sodium chloride powder and are given 
in column 3 of Table I. 

The radiation reflected from each plane appears on a photographic 
plate as a halo, since the numerous particles correctly situated for reflec- 
tion send out the reflected rays in the form of a hollow cone. If the slit 
limiting the incident beam were a point, the halo would be a circle. In 
the case of a rectangular slit, such as was used, the halo is plano convex 
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near the center and becomes circular at greater angles. The exact shapes 
of the haloes depend on the size of the slit, the thickness of the powder, 
the distance from the powder to the plate, and the reflecting angle. The 
_ radius of a halo is given by the expression / sin 20, where / is the length of 
the arm of the ionization chamber and 26 the chamber angle, or twice the 
reflecting angle of the rays. The energy measured in the ionization 
chamber is the fraction of the halo defined by the height of the chamber 
slit a, that is: a/27l sin 20. In addition, the number of contributing 
planes from each crystal face must be taken into account. Thus, since 
a/27nl is a constant of the apparatus, the measured values should, there- 
fore, be multiplied by (sin 20/number of reflecting planes). 

Furthermore, our results with molybdenum rays and the powder and 
those of Bragg, James and Bosanquet with rhodium rays and single 
crystals can be more readily compared if both are converted into the 
corresponding reflecting powers which depend on the crystal lattice alone. 
This involves multiplying by two terms which occur in the Darwin‘- 
Compton® equation: first, a polarization correction (1-++cos?20); and 
second, another function of the angle of reflection, which is sin 20 for a 
single crystal and sin @ for a powder. 


TABLE I 
Relative intensities of reflection of x-rays from sodium chloride. [100] = 100 








Reflecting Filtered Reflected Photographic Bragg, James 


plane source source measurements & Bosanquet. 
S.J.B. : 





[100] , ; ; 
[111] . 5.3 








Table I gives a summary of the relative, completely corrected, reflect- 
ing powers obtained by the different methods outlined in this article, 
and also the corresponding values given by Bragg, James and Bosanquet, 
whose nomenclature for indicating the reflecting plane and order has been 
followed. The first order reflection from the cube face [100] has been 
arbitrarily given the value 100. 


DISCUSSION OF RESULTS 
The photographic measurements agree with the others in order of 
magnitude. They are, however, the least trustworthy because of the 
aforementioned difficulties with the photographic method. 


5 C. G. Darwin, Phil. Mag. 27, 675 (1914). 
* A. H. Compton, Phys. Rev. 9, 29 (1917). 
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The other measurements of the relative intensities are in good agree- 
ment among themselves and with the values of Bragg, James and Bo- 
sanquet, who have used an entirely different method for obtaining their 
results and also a different wave-length of x-rays. 

This latter agreement indicates that our reflections from powders of 
325 mesh were as free from “‘extinction”’ effects as those obtained from 
single crystals of rock salt by the method of Bragg, James and Bosan- 
quet.2 They roughened the surface of their crystals by giinding, reducing 
what Darwin! terms “primary extinction’? as much as possible, and 
corrected for “‘secondary extinction’’* with the aid of measurements 
made with thin crystal slips of varying thicknesses. 


CAMBRIDGE, MASSACHUSETTS AND PASADENA, CALIFORNIA, 
May 4, 1926. 


* “Primary extinction” occurs in homogeneous (perfect) crystals and is due to the 
diminishing of the energy in the incident beam by interference with doubly reflected rays, 
which are parallel to, but of exactly opposite phase to the incident beam. “ ‘Secondary 
extinction’ may be calculated by allowing for the ordinary absorption of the incident 
beam and in addition subtracting from it the amount of reflection . . . .from homo- 
geneous blocks oriented at the proper angle in the conglomerate crystal.” (Darwin, 
ibid., p. 817). 
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REFRACTION OF X-RAYS BY SMALL PARTICLES 


By ROBERT VON NARDROFF 


ABSTRACT 


The broadening of a beam of x-rays passed through a mass of small particles 
is investigated mathematically. It is shown that if the width of the beam, as 
given by the rocking curve of the second crystal of a double x-ray spectrometer, 
is wo before passing through the refracting material and w afterward, then 
w* — we? = 852n9 (log 2/5+1), & being equal to 1—y, the refractive index of the 
material and mo being the average number of particles passed over. The radius 
of the particles may be found from the expression R=3 VD/4no, where V is the 
volume of refracting material per cm and D the thickness of the material 
passed through. The above expressions are checked by experiments on graphite 
as to their dependance on 4, and quantitatively by measurements on graded 
aluminum powder. 


LACK’ in the course of his work on the refraction of x-rays by prisms 
found that the beam was greatly broadened on passage through a 
prism of graphite. He suggested that the broadening was due to re- 
fraction by the individual particles of which the prism was composed, 
and tested the idea by sending a beam directly through plates of graphite 
of various thicknesses, finding that the width of the beam, as measured 
by the rocking curve of the second crystal of the double x-ray spec- 
trometer, increased with increasing thickness of the graphite plate. The 
present work, which was briefly described at the April 1926 meeting of 
the American Physical Society, is an attempt to work out mathematically 
the broadening to be expected, and provides a means of obtaining the 
size of fine particles which can not be measured by other means. 
Distribution of energy from a single particle. For simplicity the particles 
are assumed to be spheres of radius R and index of refraction »=1—6, 
where for x-rays 6 is of the order of magnitude of 10-°. A parallel beam 
of x-rays passing through the sphere will be made divergent, for since 
we <1, the sphere will act like a negative lens. 
A ray striking the sphere at an angle @ (see Fig. 1) is bent so that 


sing = (1/)siné. (1) 


By symmetry, the ray will be equally bent on emerging from the sphere. 
Hence the bend produced is w=2(¢—86). Then ¢=w/2+48, and 


sing = (sinw/2)cos@+ (cosw/2)siné = (sin#)/u 


using (1). Dividing by cos 6, we get 

sinw/2 
7 1/u— cosw/2 
1 Slack, Phys. Rev. 27, 691 (1926). 


tané 
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If the energy per unit area per second in the original plane wave is 
Eo, the energy per second meeting the sphere at an angle between @ and 
6+d@ is 27R*E, sin @ cos 6d9=dE (3), and this energy will be refracted 
between two cones making angles with their axis equal to w and w+dw 
respectively. From (2) we get 


_ (€080/2)/u—1 
‘: 2(1/4—cosw/ 2)? - 








Fig. 1. Path of ray through refracting sphere. 


Putting this value with (2) and (3), we get 

a Eor R*(sinw/2) [(cosw/2) (1/u+u) —cos*w/2—1] si 
u(1/u?—(2/n)cosw/2+ 1)? : 

Using p= 1—46, 1/u=14+64+8, 1/w?=1+25+ 36, we get 

(sinw/2) [5?—(sin‘w/2)/4] 
(62+sin%w/2)? 

Since, being small, sin w/2=w/2, we get 

8wd?— w5/8 

tee 


dE 





dE=EorR? 





dE= EorR? 


The fraction of the energy striking the sphere, or the probability of a 
“ray” striking the sphere, being refracted through an angle lying between 
w and w+dw is then 


852w— 5/8 
= ————__ dw 
(452+)? 


This equation holds from w=0 to w= 2/26, beyond which total reflection 
sets in. At the critical angle we have ¢=2/2, w=2—20, dw= —2d8, 
sin w=sin(r—20)= —sin 20, dE=2nR*Ep sin 6 cos 6d0= RE, sin 26d0 — 
=(2R*E,/2) sin wdw, or, for the probability of a ray being totally re- 
flected through an angle lying between w and w=dw we have 


P,"'=(w/2)dw 
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Hence, for the total probability of a ray being bent to between w and 
w+dw we have 


Po=Po't+Po'’= [((862w—w®/8)/(46?+w")*) +w/2 |dw. 


The integral of P., over its range of application, 0 to 2./26, is 1+6, 
which, because of the approximations made, differs from the proper value of 
1, but only to a negligible amount. 

Effect of many spheres. Suppose there are N spheres per unit volume. 
The total area for a depth D presented by these spheres to a beam one cm? 
in cross section is NrR?D. Therefore the average number of spheres 
crossed by a single ray is NrR?D, and hence the average length of a 
“Sump” between “impacts” is 1/NaR?D=. It may be compared with 
the mean free path in kinetic theory, the light rays being regarded as 
molecules of zero radius and mass, and the spheres as molecules of finite 
mass and radius R. The kinetic theory expression (see Jeans, Dynamical 
Theory of Gases, p. 268) gives then the same result. We can then apply 
the line of reasoning adopted by Jeans to find the probability of deviations 
from this average value. The probability of a single jump having a length 
lying between / and /+d1l is (p. 274) (e~/*/A)dl where \ is the average 
value given above. 

The probability that the total distance for two jumps lie between D 
and D+dD is = f — (probability of getting to between ZL and L+dL 
in one jump) X (probability of getting from L to between D and D+dD 
in one jump) 


=dD f  (e-LIN/y)dL(e-O-L)9/p) = aD { ” (e-DO/N3) dL 


L=0 
=(De~D*/)2)dD. 
The chance of getting to between F and F+dF in three jumps is =i 


(probability of getting to between D and D+dD in two jumps) X (prob- 
ability of getting from D tobetween F and F+dF in one jump) 


F 
= dF f (De-P/2)dD(e-"F-D9/X) dD 
0 


F 
= dF f (De-F/8)dD = (Fte-F 9/203) dF . 
0 


By induction the chance of getting to between L and L+dL in m jumps is 


Pi enemas 
* (m—1) x" 
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The probability of taking m jumps to go a distance D equals the 
probability of going at least D in m jumps, but not in m—1 jumps which 
equals (the probability of going any L(<D) in m—1 jumps) X(prob- 
ability of going at least D—L in one jump) 


D [Lm-2e- Lik eatin 
(f. — dt )at = Po. 
o (m— (m—2)!"— a 


D L™—2e-D!s 
o (m—2)!x™! 
(D/d) ™1e-D 

~  (m—1)! 


Pn = 





The probability of making m impacts is the probability of making n+1 
jumps. Hence 
(D/d)"e-D® 
a. a 

The average value of P is, of course, D/A. The root mean square 
deviation is (D/d)*. If D/d is large, the fractional root mean square 
deviation is small and hence no appreciable error will be introduced by 
assuming that all rays make D/) impacts in passing through the refract- 
ing material. Even if D/X is as small as 5, calculation shows that the 
above assumption yields results which differ only very slightly from those 
obtained by using the expression for P,. In what follows, m will be 
assumed equal to ny=D/ \=NrR?D for all rays. 

If the volume of the spheres present per cm’ is V we have V=4N7R°/3 
or N=3V/47R*. Hence the average number of impacts is m»=3VD/4R. 

The number of impacts per ray giving rise to bends lying between w 
and w+dw is noP.. The angles are so small that they may be added like 
displacements. These oP. displacements will be distributed at random 
as to direction, and hence their total effect (see Rayleigh, Scientific 
Papers, Vol. I, p. 491) will on the average be proportional to the square 
root of the number. Hence they will produce a bend equal to (mP.)*w. 
There is a similar expression for every w. To add the effects due to all 
the w’s in such a way as to take into account their random distribution 
in direction we take the square root of the sum of the squares, or rather, 
the square root of the integral of the squares. That is, the average total 
bend of a ray will be 


a= ([ (5+) w)" 
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2 1/2 
apo = (45¢n(og 7 + ») ° 


The distribution of energy around this average value can be in- 
vestigated by the methods of the theory of probabilities as given by 
Bachelier in “‘Calculs des Probibilités.’’ It leads to the following result, 
also given in Rayleigh, loc. cit. The fraction of the original energy which 
will be bent to an angle lying between a and (a+da) is 


P, = (2ae” lag? / ag)da 


In the derivation of the expression for P, the expression for P, is 
effective only through its effect on the “fonction d’instabilité,”” which 
is simply a above. That is, the expression for P, would have been 
obtained from any expression for P,, having the same mean square value, 
including the case that all rays were bent by a single sphere an amount 
ao/\/no, but with random directions. Physically this means: that the 
form of P, depends on the variations introduced in the total bend of the 
different rays by the random directions of their bends from the individual 
particles, rather than on the fact that some paths may have a larger 
proportion, say, of small bends than others. This is equivalent to saying 
that in all paths there will be equal numbers of individual bends of equal 
amounts. Since the thickness of the material passed through in a given 
sphere is a function of the bend produced, both depending on the angle 
at which the ray strikes the sphere, what has been said means that all 
rays may be regarded as having passed through equal amounts of material 
and thus as having been absorbed equally. Hence absorption will not 
alter the shape of the distribution given by P., but merely reduce by a 
constant ratio the amount of energy at any a. As we are interested only 
in the width of the distribution curve we may therefore disregard ab- 
sorption. 

Since measurements are actually made on the horizontal distribution 
resulting after passing the beam from a vertical slit through the refracting 
material, we will seek an expression for the fraction of the energy lying 
between a horizontal angle 8 and one 8+d8 with the original direction. 
This is found to be 


P,=(e-# |20/./mon)dB 


So far the original beam has been assumed to have been parallel. 
Actually it is found that the energy is distributed around the central 
direction giving a rocking curve which may be closely represented by an 
equation of the form y=ae~". If tangentsbe drawn to the curve at its 
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two points of inflection, and the height of their intersection be called h 
and the width of the curve at y=h/2 be called wo, then the equation of 
the curve becomes 


y=( hy/¢/2)e72# Io, 


Each part of this curve will be distributed according to the expression 
for Ps. By integration the fraction of the original energy to be found 
after passage through the refracting material, between y and y+dy 
may be shown to be 


Py =(wohvV/6/2v/ 2ag?+ wo?) e-2" (204 +15) 


This is the equation of a curve having a width (as above defined) of 
w = (wo? + 2a?) *. 

Hence, if the width of the rocking curve of the second crystal of a 
double x-ray spectrometer be measured before and after the interposition 
of a layer of refracting substance, we have ac? = (w*—w,?)/2. Knowing 
ao’, 6 for the refracting material, and D, we may compute mo, the average 
number of particles passed through by a ray by the equation mp=ay?/45? 
(log 2/5+-1), and if the volume per cm’ of refracting material is known, 
the radius of the particles may be determined by R= 3VD/4npo. 

Table I gives the results of the measurements of Slack on graphite. 
These are exhibited graphically in Fig. 2. w*—w,? should be proportional 
to D, and, as is shown in the graph, this was found to be the case, within 
the rather large limits of error of this experiment. Also the size of the 
particles as calculated from the data on the two wave-lengths used comes 
out approximately the same. 














w*-we (in sec*) 
a nates 
000 2000 5000 





Fig. 2. Broadening of x-ray beam passed through graphite plates. 
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TABLE I 

Graphite 
Thickness in mm Width in seconds 

A= .708A; 6=1.23 X10 

6 
10+2 
15+2 
3043 


—— 

Go 00 he ee 
PwWNWAO 

~@e o 


=1.537A; 6=4.7 X10 
10.8 
45+4 
58+5 


— 
Nao 
NS) 


TABLE II 
Aluminum, 250-300 mesh 


Thickness of container in cm 1.30 .400 
Density of powder 1.35 1.31 
Wave-length x 108 .528 .708 
5X 10° .95 1.70 
Wo - 

w 11.6” 

Diameter in cm (calc.) .006 .0069 
Dimensions in cm (obs.) (.0114x .0055) 


A further test of the theory was made by passing the beam of x-rays 
through small brass boxes provided with paper walls, containing alumi- 
num powder which had been graded between screens of 250 and 300 mesh. 
The results are shown in Table II together with the actual average 
dimensions of the particles, as measured by examination with a com- 
pound microscope provided with a calibrated eyepiece. The calculated 
dimensions are in excellent agreement with those observed, particularly 
considering that the particles were far from the spherical shape assumed 
by the theory. 


DEPARTMENT OF PuysiIcs, 
CoL_uMBIA UNIVERSITY, 
May 20, 1926. 
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THE ENERGY OF HIGH VELOCITY ELECTRONS* 
By Mars W. WHITE 


ABSTRACT 


Precision determination of the energy of high velocity electrons.—The total heat 
generated in an x-ray tube operated at potentials up to 25,000 volts was measured 
by immersing a Coolidge x-ray tube of the water-cooled type in an oil bath and 
noting the temperature rise of the oil for a precisely measured energy input. 
The current and voltage furnished to the tube by a high potential d.c. source 
were kept constant and were continuously measured by potentiometers. The 
heat energy given up to the oil by this “high potential” source was compared 
with that developed by the same quantity of “low potential’’ energy by taking 
alternate runs wherein the same potentiometers measured the current and volt- 
age supplied from a storage battery to a heating coil immersed in the oil. 
The data proved with a probable error of about 0.2 percent, that, up to 
25,000 volts, all of the energy input into a Coolidge tube is ultimately trans- 
formed into heat and that any sources or sinks of energy which may exist have 
a smaller effect than 0.2 percent. Ionization, photographic and pyrometric 
methods were used to test for the presence of radiations involving an absorp- 
tion of energy at the cathode. No appreciable quantity of such energy could be 
detected. The results of these experiments indicate that all of the input energy 
must go into the energy of the moving electrons and their fields. It also follows 
that only a negligible portion of the current in a Coolidge tube is furnished by 
positive ions which actually reach the cathode, for otherwise the cathode would 
be heated. 


INTRODUCTION 


N MUCH work! involving the motion of electrons under the influence 

of high voltages it has been tacitly assumed that all of the input 
energy goes into the energy of the moving electrons and their fields and 
that this energy reappears later, in exactly equal amount, whenever the 
electrons are stopped. This assumption has never been verified for 
electrons moving with speeds sufficiently high for the relativity variation 
in mass to be appreciable. It is quite conceivable that the heat energy 
output from an x-ray tube might be either more or less than the energy 
input. For example, any atomic or molecular change brought about by 
electronic bombardment might result in a release or absorption of energy. 

In the present experiments a measure of the energy of a stream of 
electrons with velocities up to 25,000 equivalent volts was obtained by 

* Presented before the American Physical Society in a paper by White and Ham, 
April 15, 1924. Phys. Rev. 23, 777 (1924). 

1 Hupka, Ann. d. Physik 31, 169 (1910); Jones and Pomeroy, Phil. Mag. 45, 760 
(1923), also Phys. Rev. 8, 52 (1916); Guye and Ratnovsky, Comptes Rendus 150, 


326 (1910), also Arch. des Sciences 31, 293 (1911), also Comptus Rendus 161, 52 (1915); 
Guye and Lavanchy, Arch. des Sciences 42, 286 (1916). 
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determining the heat developed by their impact upon the anti-cathode of 
an oil-immersed Coolidge x-ray tube of the water-cooled type. The heat 
_ thus generated by this “high potential’? source was compared with that 
developed from the same amount of “low potential’’ energy, obtained by 
supplying current from a 25 volt storage battery to a resistance coil 
immersed in the oil bath. A second series of experiments was made to 
determine whether there was an appreciable absorption of the input 
energy at the cathode. 

The design of the kenetron by Dushman? and its application to the 
generation of high tension continuous current (d.c.) by Hull* has made 
the technique of the production and precision measurement of powerful 
high voltage direct current comparatively simple. The accuracy of much 
of the older work involving high potential current has been limited by 
the well-known uncertainties of spark-gap measurements of voltage. 
In recent years this error has been greatly reduced by determining the 
voltage from direct measurements of the current through a known high 
resistance which is placed in parallel with the apparatus under investiga- 
tion. 


DESCRIPTION OF APPARATUS 


The high potential continuous current was obtained by rectifying the 


current from a transformer, using a kenotron rectifier and condenser- 
inductance filter system. The arrangement of the apparatus is shown 
in Fig. 1. The transformer was supplied with power from a 500 cycle 
alternator, which was driven by a d.c. shunt motor. The latter was 
operated from a 120 volt storage battery, an arrangement which gave an 
exceedingly steady source of voltage. By properly varying the resistance 
in the alternator field circuit, any desired value of voltage could be 
obtained. 

The condensers had a capacitance of about 0.1 mf each and the 
inductance was about 25 henries for the conditions under which it 
operated. From both calculation and experimental observation, the effect 
of the “ripples” on the d.c. voltage wave was found to be negligible, being 
less than 1 percent of the total voltage. 

A resistance of approximately three megohms was placed in parallel 
with the x-ray tube. The resistance was especially designed for this 
purpose and was made of “‘advance’’ wire, whose temperature coefficient 
of resistance is very small. The value of the resistance was measured by 
a Wheatstone bridge, which had just been calibrated by the Bureau of 


* Dushman, G. E. Rev. 18, 156 (1915). 
* Hull, G. E. Rev. 19, 177 (1916); also Phys. Rev. 7, 405 (1916). 
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Standards. Tests indicated that the special winding which was used 
made the resistance coil practically non-reactive. The voltage across the 
coil and tube was obtained by multiplying the resistance of the coil by 
the current through it. The latter was precisely measured and kept 
constant by a Leeds and Northrup type K potentiometer, which read 
the voltage drop over a standard 10 ohm resistance, placed in series with 
the 3 megohm coil. The current through the tube was measured by a 
second and similar potentiometer. (The milliammeters shown in the 
figure were introduced for securing preliminary adjustments.) 
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Fig. 1. Arrangement of apparatus. 


The power supplied to the filament of the tube from a 12 volt storage 
battery was precisely measured by a specially designed Weston watt- 
meter, read by a telescope. A suitable arrangement of rheostats in 
parallel made it possible to adjust this power to the desired value and to 
keep it constant at that value with a precision of about 0.2 percent. The 
entire arrangement of filament battery, rheostats and wattmeter was 
enclosed in a metal case, in order to minimize corona and electrostatic 
effects in the wattmeter. 

The x-ray tube was a standard, broad-focus, molybdenum-target, 
Coolidge tube of the Water-cooled type. It was mounted vertically in a 
bath of transformer oil contained in a tin-plate lined box. The box was 
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heat-insulated from its surroundings by layers of cork-board about 7.5 cm 
in thickness. The oil was forced through the anode by a pump which was 
driven by a motor whose speed, as shown by a tachometer, was held 
constant. The heat generated by the action of the pump was thus 
practically constant for all runs. This fact was repeatedly checked by 
observations. The oil intake to the pump was near the top of the bath 
and the exhaust of the heated oil from the target of the tube was near 
the bottom, so that the convection currents thereby set up in the oil, 
together with the stirring action of the pump shaft, kept all portions of 
the oil at nearly the same temperature, Measurements indicated that 
the maximum difference in temperature between any two points in the 
oil was only a few tenths of a degree. 

A heating coil contained within a Pyrex tube was inserted in the pipe 
leading from the pump to the x-ray tube, the arrangement being such that 
the heat generated by this “low potential” coil was given up to the oil in 
much the same manner as during the “high potential’? runs when the 
x-ray tube was operated. This was in order that the effects of thermal 
“radiation” would be approximately the same for the two types of runs. 
Current was supplied to the heating coil from a 25 volt storage battery, 
the value being accurately measured and kept constant by a poten- 
tiometer arrangement, using one of the potentiometers mentioned above. 
The voltage across the coil was measured with the second potentiometer, 
by the use of a “‘volt box.” 


METHOD OF THE MEASUREMENTS 


In order that the experimental conditions might be as nearly alike 
as possible on different days, no runs were made until the temperature 
of the room and calorimeter oil had reached approximately the same 
value, which was practically identical for the various observations. 
Before turning on the power, the pump was operated at constant speed 
for an hour or more, observations being taken of the temperature of the 
oil to determine the rate at which the pump itself was heating the oil. 
This ‘‘pump rate” remained practically constant for the various runs. 
Repeated observations indicated that comparatively large variations 
of room temperature had very little effect on the rate of heating of the 
oil during a run. 

The oil temperatures were determined from the readings of two 
Centigrade thermometers, which were read through telescopes to 0.01 
degree. The calibrations of the thermometers were only roughly checked, 
as we were interested only in the comparative témperature changes for 
different runs and not in the absolute value of the heat generated. 
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The experimental procedure consisted in applying the high potential to 
the x-ray tube for 60 minutes, keeping the voltage across the tube and the 
current through it constant. This was accomplished by balancing the 
potentiometers, and, with the galvanometer keys closed, keeping the 
spots of light from the galvanometer mirrors near the zeros of the scales 
by means of properly adjusting the resistances in the field of the alter- 
nator and in the tube filament circuit, respectively. By this method both 
the current and the voltage could be kept constantly at the desired value 
with considerable precision. The temperature of the oil was noted every 
5 minutes. At the end of 60 min. the power was turned off and the tem- 
perature observations continued for 30 min. with the pump running at the 
same speed. This was in order to be sure that the contents of the box 
would reach an equilibrium temperature. Having added the power 
consumed by the filament to the “high potential” power, the temperature 
rise of the oil per watt of power was calculated for final temperatures 
taken 10, 15, 20 and 30 min., respectively, after the power had been shut 
off. Similar observations were then taken on alternate days with a 


TABLE I 


Temperature rise per unit power, using final temperatures taken 10, 15, 20 and 30 min. 
respectively after power was turned off. Each value (multiplied by 10*) is expressed 
in degrees Centigrade per watt. 








Voltage 10 min. 15 min. 20 min. 30 min. | Voltage 10 min. 15 min. 20 min. 30 min. 





10kv. 1242 1216 1199 1168 23 kv 1249 1228 1207 1177 
1242 1217 1200 1167 1253. 1227 1210 1178 
1247 1224 1204 1170 
1242 1221 1199 1169 Means 1251 1228 1209 1177 
1259 1238 1218 1183 
1247 1223 1204 1172 25 kv 1256 §=1234 1180 
1261 1236 1217 = 1183 1258 1237 1185 


1258 1232 1179 
Means 1249 1227 1206 = 1173 


1Skv. 1249 1224 1210 1179 
1247 1226 1206 1174 
1266 1242 1223 1193 
1251 1227 1210 1178 |Lowpo- 1176 
1253 1229 1207 1176 tential 1163 
1255 1233 1209 1176 1172 
1183 
1253 1230 1211 1178 1189 


1256 1233 1215 1184 1177 
1256 1227 1208 1174 
1246 1225 1205 1172 
1244 1220 1201 1166 
1254 1232 1213 1182 
1253 1229 1210 1175 
1256 1234 1215 1182 


1251 1229 1210 1177 











Means 1257 1234 1181 
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different voltage (ranging from 10-25 kv) applied to the tube and the 
current through it proportionately changed, so as to keep the total power 
approximately constant. This was in order that the temperature rise of 
the oil would be practically the same for the different runs; thus the 
effects of heat “radiation”’ would be similar in each case. The filament 
power was about 25 watts and the “high potential” power about 150 
watts. 

The data obtained from the last 30 runs that were made are sum- 
marized in Table I and a résumé of the data in Table II. About 100 runs 
were taken previous to these here reported. While these former runs 
were not as precise as those reported, the results obtained do not differ 
materially from the ones herewith presented. 

Alternating with the “high potential’? observations were runs taken 
with the same quantity of “low potential’? energy supplied from the 
resistance coil to the oil bath, as described above. During these observa- 
tions the filament was operated at about the same power as in the high 
potential runs and other conditions were also kept the same, so that 
the results of the two types of runs are strictly comparable. The data thus 
obtained are included in Table I. 


TABLE II 
Résumé of data in Table I 








High Potential Low Potential 
iSkv. 20kv. 23kv. 25kv. Average 


1249 1253 1251 1251 1257 1252 1253 
1227 1230 1229 1228 1234 1230 1230 
1206 1211 1210 1209 1214 1210 1210 
1173 1178 1177 1177 1181 1177 1177 








Means 1217 1218 1217 1218 1221 1217 1217 








DISCUSSION OF RESULTS 


It will be observed from the data that the rate of heating per watt of 
power supplied is practically the same at the different voltages. This 
indicates that the energy of the electron stream is given by the usual 
energy relations, at least in the voltage range investigated, namely from 
10 kv to 25 kv. The precision of the experiments was such that any 
systematic variation from the ordinary energy relations greater than 
0.2 percent could have been observed. Such a variation would have 
manifested itself in a systematic increase or decrease in the temperature 
rise per watt as the voltage was changed. Inasmuch as there was not the 
slightest indication of any such variation, it was deemed inadvisable to 
continue the observations at higher potentials, on account of the diifi- 
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culties which would have be+n encountered in making precision measure- 
ments of current and voltage, due to corona, insulation leakages, etc. 

The fact that the rate of heating per watt from the “low potential’”’ 
source was the same as that from the “high potential” source is equally 
conclusive proof that the energy equations are identical for high and low 
potentials. (The exact equivalence of the means for the high and low 
potentials was of course only accidental, though the experimental un- 
certainties were not large.) 

It may be noted that the energy of the x-rays which were generated 
was also given up to the oil since these rays were totally absorbed by the 
oil and tinplate lining of the box containing the oil. 

The immediate conclusions to be drawn from the data are that they 
not only constitute a proof of the principle of the conservation of energy, 
ie., Vit=JH, for high velocity electrons, but also that no appreciable 
atomic or molecular changes involving an emission or absorption of heat 
are brought about in molybdenum, copper or glass when bombarded by 
electrons possessing an energy obtained from a potential difference of 
25,000 volts. Furthermore, when taken in connection with the experi- 
ments described below, the data offer evidence that all of the input energy 
goes into the energy of the moving electrons and their fields. 

We may classify as follows the forms into which the input energy might 
go: (1) Energy of the moving electrons and their fields, and subsequent 
development of heat and radiation at the anti-cathode and walls of the 
tube when the electrons are stopped; (2) Heat developed at the cathode 
due to positive ion bombardment; (3) Absorption of energy at the 
cathode, due to removal and acceleration of electrons; this would pre- 
sumably show up either as rise in temperature of the cathode or radiation 
from the same or both; (4) Atomic or molecular changes at the cathode 
or anode or even slow transmutation of the atoms of the anode; this might 
cause either a source or sink of energy. A balanced source and sink would 
be difficult to account for, especially when cathode and anode are of 
different elements, as is the case in the experiments described. 

Ionization and photographic methods were used in experiments‘ to 
study the possible radiations from the vicinity of the cathode of an x-ray 
tube. While certain feeble radiations were observed, their intensity and 
quality were such as to indicate that they were due to scattering of the 
primary beam. No appreciable portion of the total energy could be 
ascribed to such radiations. 

An absorption of energy at the cathode due to positive ion bombard- 
ment would result in a rise in temperature of the same. To test this 


* Performed by Mr. D. L. Harmon and others. 
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possibility, observations were made to determine whether there was an 
abnormally increased emission of heat at the cathode when the high 
potential was suddenly applied between the heated filament and the 
anode. A Féry radiation pyrometer was focused on the cathode filament 
and connected to a sensitive galvanometer. No change in the temperature 
of the filament could be observed when the high potential was repeatedly 
thrown on and off, although the sensitivity of the pyrometer and gal- 
vanometer was such a difference in the temperature of the filament could 
be observed caused by an adjustment of the filament current too small 
to be detected on the filament wattmeter. The entire absence of tem- 
perature change at the cathode when the high potential is thrown on 
and off is evidence that no appreciable part of the total energy input goes 
into a sink or source at the cathode. 

Additional evidence that no energy is released at the cathode was 
obtained by closely watching the pointer of the filament wattmeter as 
the high potential was thrown on and off. The absence of any movement 
of the pointer proved the constancy of the filament temperature, for with 
constant voltage applied to the filament the power which it consumes is 
inversely proportional to its resistance and the latter is a function of its 
temperature. The sensitivity of the wattmeter was such that a movement 
of the pointer corresponding to a change of 0.02 watt (0.1 percent) would 
have been detected. We may therefore say with confidence that less than 
0.1 percent, if any, of the heat generated in a Coolidge tube by the 
electron stream is released at the cathode. Hence the input energy must 
be carried by the electron stream itself. 

Other experiments,* to be described more fully in a later paper, show 
that the-energy of the cathode ray stream is not all given up at the target 
of the tube. Because of the “‘reflection” of electrons at the anode (which 
also includes secondary emission) the fraction of the energy of the cathode 
ray stream received at portions of the tube other than the target varies 
from 20 percent at 1.3 kv to a maximum of 22.5 percent at 4 kv and then 
falls off to 3 percent at 15 kv, where it remains approximately constant 
up to 30 kv. . 


CONCLUSIONS 


These experiments indicate that all of the energy input into an x-ray 
tube goes into the moving electrons and their fields. Furthermore it is 
shown that, within 0.2 percent or less, this energy is as completely given 
up when the electrons are arrested, i.e., that Vit=JH for electrons 
moving with velocities up to 25,000 equivalent volts. This shows, within 


5 Ham and White, Phys. Rev. 27, 111 (1926); also Phys. Rev. 27, 510 (1926). 
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the limits mentioned, that there are no atomic or molecular changes 
involving a source or sink of energy in a Coolidge tube at 25 kv. It also 
follows that only a negligible part of the current in a Coolidge tube is 
furnished by positive ions reaching the cathode, for otherwise the cathode 
would be heated a measurable amount. The heat received at the target 
of a water-cooled Coolidge tube may be only from 75 to 97 percent of the 
total energy input, the remainder of the energy being dissipated at the 
walls of the tube as a result of their bombardment by “reflected” electrons. 

The author wishes to express his thanks to Dr. W. R. Ham, who sug- 
gested the problem and designed much of the apparatus, and also to 
Dr. D. C. Duncan and Mr. O. F. Smith, who started the preliminary 
work. 
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SERIES SPECTRA OF BERYLLIUM, Be; AND Bey 
By I. S. BowEN Anp R. A. MILLIKAN 


ABSTRACT 


The determination of the wave-lengths and term values of all the most im- 
portant lines of Be,,; and of the triplet system of Be; has been completed. The 
results are given in tabular form. 


N 1924 we published! a preliminary report upon the application of our 

method to the determination of the chief characteristics of the series 
spectra of Ber. With the aid of the same hot-spark technique, and 
especially because of the courtesy of Mr. Hugh Cooper of the Kemet 
Laboratories Inc., Cleveland, in presenting us with some pure metallic 
beryllium for use as the tips of our electrodes, we have recently been 
able to complete the location of all of the most important lines and the 
assignment of all of the important term values in both Ber and the 
triplet system of Bey. 

Table I gives all of the lines of Be: and Bez together with their in- 
tensities and spectral assignments which our plates have brought to light, 
and in the last two columns are found the term values computed from 


TABLE I 


Series lines of beryliium 








Int. ATLA. Vac. v Av Designation Term Values 





; Lines of Ben 
842 .03 118760.6 2s-4p 2s 
1026 .97 97373 .8 2p-—Sd 3s 
1036.32 96495 .8 2s-3p 4s 
1143.01 87448 .1 2p—4d 5s 
1512.303 66124 .3 6.5 2p2-3d 
1512.451 66117.8 2p:-3d 2p2 114951. 
1776.118 56302 .6 i 7.0 2p2-3s 2p, 114945. 
1776 .339 56295 .6 2p:-3s 3p 50384. 
2454 .63 40739 .3 3s—Sp 4p 28120. 
3047 .86 32809 .9 Probably oxygen 3p-5d 5p 17910. 
3131. 31935 at 2s—2p1 
3131. 31928 .77 6.6 2s—2pe 3d 
3198. 31269 .4 3d—5f 4d 
3234. 30917 .0 3d-Sp 5d 
3242. 30838 .4 3p-5s 
3275. 30529 .0 3s—4p 4f 
4362. 22924 .2 3p—4d 5f 17558.0 
4674. 21392 .4 3d-4f 
4829.58 20705 .7 3d-4p 
5274.28 18959 .9 3p-—4s 


Re CORO CONWO- 


PMO we > 











1 Bowen and Millikan, Nature 114, 380 (1924). 
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Int. A LA. Vac. Av Designation Term Values 





Lines of Bex 
1943 .60 ; Possibly oxygen 2p-8d 23110.22 
1964. . Possibly oxygen 2p-7d 10685 .0 
1998. . 2p-6d 6186.9 
2033. d 2p—6s 4033.0 
2056. . 2p-Sd 
2126. : 2p-5s 53212 .86 
2175. , 2p-—4d 53212.18 
2351. d 2p-4s 53209 .83 
2495. ‘ é 2p3-3d 
2495. , 2p2-3d 13137 .50 
2495. ; 2p:-3d 7249.2 
2651. ; 4589.7 
2651. ‘ 3165.7 
2651. ‘ 2315.5 
2651. ; pp’ group 1760.1 
2651. 
2651. . 
3321. , 2ps-3s 
3322. ; 2p2-3s 
3322 .303 f 2p:-3s 


— 
aor rf RK Nee 











TABLE II 
Comparison of frequencies of series terms for stripped atoms Li, to Cyy 


N 2 3 4 5 
109732/N? 27433 .00 12192 .44 6858 .25 4389 .28 


Li 43486 .3 16280.5 8475.2 5187.8 
Be/4 36720.1 14662 .3 7856.2 4886 .6 
B/9 33993 .1 13970.7 
C/16 32502 .1 13581 .4 


Li 28582 .5 12560.4 7018.2 4473 .6 
Be/4 28736 .3 12596 .2 7030.1 4477 .6 
B/9 28616.1 

C/16 28465 .3 12504 .3 


Li 12203 .1 6863 .5 4389 .6 
Be/4 . 12206 .9 6865.1 4393.7 
B/9 12207 .8 
C/16 12208 .3 


Li 6856.1 4381.8 
Be/4 6858 .8 4389.5 
B/9 6860 .2 


f' B/ 4390 .6 


them. Of the twenty Ber lines here listed six had been previously 
obtained and published by us in our preliminary report, and two of these 
six, namely, the strong pair at 3131A were in the preceding literature. 
Also, of the twenty Be; lines here listed fourteen had been observed by 
others and series assignments correctly made for all but two of them,’ 
though no term values had been, nor indeed could be, found. The fine 
structure separations of the pair at 3131A and the triplets at 2495A 


* Paschen-Gitze, Seriengesetze der Linienspektren, p. 71. 
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and 3322A and the pp’ group at 2651A were taken from Back’s work? 
with an instrument of high resolution, though he does not give absolute 
wave-lengths. These latter were taken from Rowland and Tatnall* and 
Exner and Haschek,?’ and corrected to I. A. Vac. 

For convenience of reference and comparison we have arranged in 
Table II all of the series terms of the stripped atoms of the first row of 
the periodic table in the form which we have previously used, following 
Fowler.and Paschen for the second row.‘ The values in this table are 
obtained, save in the case of lithium, taken from Fowler, from our 
preceding articles.” 





VE 








| 
| 
Ls Be 8 C 











Fig. 1. Moseley’s law in the field of optics. 


Also in Fig. 1 we present the same graphic display with the aid of which 
we have previously shown‘ in the case of the stripped atoms of the second 
row, how beautifully the Moseley law holds in the field of optics wherever 
the spectra compared arise from atoms of the same electronic structure, 
but of varying nuclear charge. On account of the greater simplicity of 
the present electronic structure the “Moseley straight-line” is here the 
most perfect one which we have thus far found in the field of optics. 


NORMAN BripGE LABORATORY OF PuysIcs, 
CALIFORNIA INSTITUTE, 
PASADENA, CALIF. 
May 12, 1926, 


* Kayser, Handbuch der Spektroskopie, vol. V, 161. 
* Bowen and Millikan, Phys. Rev. 25, 303 (1925). 
’ Bowen and Millikan, Proc. Nat. Acad. Sci. 10, 199 (1924). 
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THE HEAT OF DISSOCIATION OF NON-POLAR MOLECULES! 


By R. T. Brrce ANpD H. SPONER 


ABSTRACT 


Heat of dissociation from band spectra data.—The limiting amount of vibra- 

tional energy which a diatomic molecule can possess is given by 

ne 
E, =hdJow"dn, 

where w” is the frequency of vibration, as a function of the vibrational quantum 
number m, and m, is the value of n for w*=0. For non-polar molecules m, is finite, 
for polar molecules it is infinite. The w*:” curve for the normal state of tach of 
the molecules here discussed is strictly linear, over the known range, and its 
linear extrapolation to w*=0, for essentially non-polar molecules, seems to give 
the true value of E, to within half a volt. Since increasing the vibrational 
energy until the two nuclei dissociate, results in the formation of two normal 
atoms, E,=D, the heat of dissociation. When a molecule dissociates, while 
excited by E, units of electronic energy, the products of dissociation seem in 
some cases to include at least one excited atom. The total energy required for 
the dissociation thus exceeds the true heat of dissociation by the amount of the 
resulting atomic excitation. The w*:” curves, and the correlated sets of energy 
levels are shown for all known band systems of O2, O2*+, N2, N+, CO, CO*, and 
NO. 

Oxygen. The w":m curve of one excited state can be followed almost to w* = 
0, and the resulting limiting energy is 7.05 +0.01 volts. The situation is similar 
to that found in iodine. From the known structure of the oxygen atom, the pro- 
ducts of dissociation are either two normal atoms, or one or two atoms excited 
with 0.02 or 0.03 volts energy. Hence D=7.02 +0.05 volts. The linear w*:n 
curve of the normal state gives 6.65 volts. For O,* the normal state curve gives 
6.46 volts, and the only known excited state curve, 6.49 volts. Knowing the 
heat of dissociation of an ionized molecule (D’) and of a neutral molecule (D), 
and the ionization potential of the constituent atom (Jg), one can calculate the 
ionization potential of the molecule (J,,), since from conservation of energy, Im 
+D’=D-+-I. For oxygen this gives I, = 14.1 volts. D’ =6.5 voltsis however prob- 
ably too low, and J,,=14.1 volts too high, according to recent work on the 
spectrum of O,*. 

Nitrogen. From the energy of active nitrogen, D for N; is 11,4 volts. This 
value can bechecked approximately, but not accurately, from band spectra data. 
The normal state of the nitrogen molecule is not known. D’ is found to be about 
9.1 volts, and J, is 16.5 volts, giving J,=14.2 volts, compared to Hopfield’s 
observed value of 14.5 volts. These results for oxygen and nitrogen are in satis- 
factory agreement with the positive ray work of Hogness and Lunn. 

Carbon monoxide. D=11.2 volts, from the w": m curve of the normal state. 
Assuming our value of D for O, and certain chemical data, D for CO can be cal- 
culated as 10.8 volts. D’ =9.8 volts, from the spectral data. J, is known to be 
closely 14.2 volts, and if CO* dissociates into C+O*, Ig = 13.56 volts. The equa- 
tion I, +D’=D-+I, checks to 0.3 volts. 


1 A brief account of this work has been presented to the Amer. Phys. Soc.,—Abstracts 
No. 13, 14, 15, 16, of the March 1926 meeting. Phys. Rev. 27, 640 (1926). 
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Nitric oxide. D=7.9 volts, from the normal state curve. Assuming our 
value of D for O; and for No, and certain chemical data, D for NO is 8.3 volts. 
From one of the excited state curves, the total limiting energy is 17.2 volts, in- 
dicating dissociation into one normal nitrogen atom and one 9.1 volt (“reso- 
anance” state) excited oxygen atom. 

General considerations. The possibility of the dissociation of a molecule 
adiabatically, by means of light absorption, is discussed and a tentative ex- 
planation given of the difference in behavior found in the positive ray analysis 
for oxygen and nitrogen. The various possible processes resulting in dissocia- 
tion from excited molecular states are considered in the fight of the evidence 
presented by the known sets of vibrational energy levels. 


HEAT OF DISSOCIATION FROM BAND SPECTRA DATA 


HE heat of dissociation of a diatomic molecule is defined as the 
 enefgy necessary to separate the normal molecule into two stable 
atoms. If the actual process of dissociation results in the formation of 
one or more excited atoms, the energy of excitation must be subtracted, 
in order to obtain the true heat of dissociation. 

Franck in a recent paper? has discussed the possible types of nuclear 
binding, in the case of homopolar molecules. One possibility is that the 
atoms of the molecule are bound together by van der Waals, or secondary, 
forces. In these molecules the electron orbits of the individual atoms still 
exist, but in a more or less disturbed state. Such molecules can be 
separated adiabatically into normal atoms. When they are excited by 
light, an electron of one of the atoms passes to a higher quantum orbit 
and the corresponding absorption frequency will be almost identical with 
a frequency found in the spectrum of the constituent atom. The loosely 
bound molecules Nae, Hgz, etc., belong to this type, and the molecular 
bands attach themselves closely to the atomic lines. 

The second type of binding in homopolar molecules results in the 
appearance of quite new types of electronic orbits. For instance, certain 
electrons may be held in common by the two atoms of the molecule. 
Such molecules when in the normal state can very likely not dissociate 
into two atoms by an adiabatic process. The electron transitions neces- 
sary for the dissociation of these molecules cannot be caused by light 
absorption, but only by collisions. 

Franck explains the unusual energy distribution of the absorption 
bands of iodine® (belonging to the first type of homopolar molecules) in 
terms of the large change in the value of the moment of inertia accom- 
panying the electron excitation. He assumes that the two nuclei, as a 
result of the sudden electronic jump, are left at the same separation as 


? Franck, Trans. Faraday Soc. 21, part 3 (1925). 
3 See Report of the National Research Council on “Molecular Spectra” (in press), 
Chap. IV., Fig. 16. In the future, this publication will be referred to as “Report.” 
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before the jump, and that because of the large change in the equilibrium 
position, they suddenly “find themselves” with a large amount of 
potential energy which starts a large vibration. It should be pointed out 
that the major aspects of the intensity distribution in every known band 
system can be explained in this manner. Thus, in addition to the iodine 
bands, the Schumann ultraviolet bands of oxygen, the first negative group 
of oxygen (due to O,*) and the 8 bands of nitrogen (due to NO) have in 





“a Severs 


e®- 

















Fig. 1. 


the initial state (emission) a much smaller frequency of vibration than in 
the final state. It is, however, known that this condition is always 
correlated with a moment of inertia in the initial state which is much 
larger than that in the final state, and in the case of each of these band 
systems there is in fact found the peculiar intensity distribution best 
typified by the iodine bands. This distribution is such that a change 
from the non-vibrating state, m’’=0 (in the absorption process) to a 
large value of n’ is very probable. 

Dymond‘ has assumed that the result of the dissociation of iodine, 
when produced by light absorption, is one stable atom and one atom in a 
metastable P state, corresponding to about one volt of excitation. The 
details are as follows. The apparent value of the heat of dissociation D 
can be determined from the high frequency limit of a progression of 
absorption bands indicated on the usual energy level diagram in Fig. 1. 
In this figure A represents the stable (non-vibrating) state of the molecule, 
and Ban electronic (but non-vibrating) excited state. B’, B’’, etc., repre- 
sent the successive vibrational states for this same electronic excited state, 


« Dymond, Zeits. f. Physik 34, 553 (1925). 
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the values of the vibrational quantum number » being indicated at the 
left of the levels. 

Now as is well known, the separation of any two energy levels, differing 
by one unit in a given quantum number, gives some mean value of the 
correlated classical frequency for the two energy states in question.® 
In the case of vibration the law of variation is such that this separation 
equals w", the frequency of vibration corresponding to the arithmetic 
mean value of for the initial and final levels. For an elastic vibrator the 
levels should be equally spaced. Actually the spacing decreases, and the 
bands can be followed, in the case of iodine, until the separation is too 
small for resolution, i.e., until w”" is almost zero. Continuous absorption 
sets in for frequencies greater than AC where C is the energy level 
obtained by the actual extrapolation to w*=0. Evidently at C the 
molecule is dissociated, and Dymond proved this by showing an absence 
of fluorescence for all portions of the region of continuous absorption, in 
contrast to its presence in the region of discontinuous absorption. The 
total energy required for the dissociation is represented by AC, and for 
iodine this equals 2.47 volts. But the value of D as measured chemically 
is about 1.5 volts, and the difference is assumed by Franck and Dymond 
to represent the energy of excitation of one of the iodine atoms. This is 
probable since the valence level of the iodine atom should be a double P 
level of about one volt separation.’ 

In iodine the point of dissociation was obtained by a very short 
extrapolation of the observed progression of bands, and also by the 
beginning of continuous absorption (the two methods agreeing with great 
accuracy). But it seems possible to evaluate BC even with a rather long 
extrapolation of the vibrational energy levels. Kratzer’s expression for 


w" as a function of n is 
w*=w—2XK wnt --- (1) 


Now as shown by Fig. 4 ahead, in many progressions the w": m curve is 


5 This follows from Eq. (2) ahead, since AE, (=Eni12—En-1/2) is very closely 
0E/dn. 

® Calculated from the limit of continuous absorption (20,020 cm ) as given by 
Mecke, Ann. d. Physik 71, 104 (1923). One volt = 8100 cm = 23, 070 gram calories per 
gram mol. 

7 Turner, Phys. Rev. 27, 397 (1926) has recently obtained a recurring doublet 
separation in iodine of 7600 cm (=0.94 volts) which he interprets as an accurate 
measure of this interval. This yields 2.47 —0.94 =1.53 volts for the heat of dissociation. 
In this connection it might be noted that the chemical value of 1.5 volts is taken from 
the work of Starck and Bodenstein (Zeit. f. Elektrochem. 16, 961, 1910). Dr. E. Condon 
has called our attention to the fact that this work was performed at an average tem- 
perature of 1000°C, and that these investigators made no correction for the average 
amount of vibrational energy at this temperature (0.10 volts). Hence their true result 
is more correctly 1.6 volts. 
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strictly linear over the experimental range. In others the slope increases 
in absolute magnitude as m increases (corresponding to additional neg- 
ative terms in Eq. (1)), while very rarely it decreases in magnitude. 
We call the first a negative deviation from linearity, the second a positive. 
w” is calculated from the very fundamental equation 


1 dE 
h on 
Hence the limiting value of the vibrational energy (BC of Fig. 1) is 


given by 
ik we hb [0 ™ (3) 
0 


where w"=0 for n=m. Tartakowsky® attempted to get a theoretical 
expression for mo. Kratzer® pointed out the error in his work, and ob- 


(2) 




















Fig. 2. 


tained the following results. If the law of force (of the atomic binding) 
is a power series, in terms of the nuclear separation r, and if the first term 
in the region of large values of 7 is an inverse square or inverse third 
power, then £, is finite, but mp is infinite. This is the situation in the 
case of polar molecules (inverse square law for very large nuclear separa- 
tion). The w": m curve becomes asymptotic to the m axis with increasing n. 
This is shown schematically in Fig. 2, curve (a). The slope may first 
decrease, but if so a point of inflection is reached and the curve then 


8 Tartakowsky, Zeits. f. Physik 24, 98 (1924). 
® Kratzer Zeits. f. Physik 26, 40 (1925). 
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The designations (X, A, B etc) of each electronic level are purely arbitrary. The 
probable true quantum designation according to Birge (Nature 117,300, 1926) and the 
curve of Fig. 4 giving the w™ values for each of these levels are as follows. 


co 


COt 


N2 


X =1'S =curve 21’, 22’. 
a =18P =curve 11’, 22. 
A =1'P =curve S’, 21. 
b =13S =curve 11. 

B =2'S =curve 5. 
X’'=12S =curve 6’, 7’. 
A’=1°P =curve7, 8’. 
B’=2°S =curve 6, 8. 
X =1'S = w* unknown. 


A =1'P =curve 14’. 

B =1'P? =curve 13’, 14, 15’. 
C =2°P =curve 13. 

D =3p* ? no vibration known. 


N,t 


Oz 


0.+ 


NO 


X’=1°S=curve 16’. 
A’=2?S =curve 16 


X = ? =curve 20’. 
A = ? =curve 19. 
B = ? =curve 20. 


X’=1°P =curve 18’. 
B’=1?D =curve 18. 


X =1°?P=curve 1’, 2’. 
A =1*?S=curve 2, 17’. 
B =1*D=curve 1. 
C = ? =curve 17. 


The known band systems connected with these electronic levels are 


CO 


cor 


N:2 


A -X Fourth positive group of C. 
a —X Cameron CO bands 

B —A Angstrom CO bands. 

b —a Third positive group of C. 


A’— xX’ Comet-tail bands. 

B’ —X’ First negative group of C. 

B’—A’ “Combination” bands of 
Baldet-Johnson. 


A —X Predicted ultraviolet bands 
of Nz. 

B —A First positive group of Nz». 

C —B Second positive group of N2 

D —B Fourth positive group of N: 


N.* 


O: 


NO 


A’ -X’ First negative group of N:2. 


A —X Atmospheric bands of O. 
B-X cies bands of 


B’ —X’ First negative (ultraviolet) 
bands of O. 


A —X Third positive 
(y bands) of No. 

B —X Bbands of Nz. 

C —A Ultraviolet (Lyman-Birge- 
Hopfield) bands of No. 


group 
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turns upward. If, however, the series begins with a fourth or higher 
power of the force, then both D and mp are finite. This means that even 
if the w": m curve turns upward, it runs into the m axis. This is illustrated 
in Fig. 2, curve (b). Now a homopolar molecule, for which the forces at 
large nuclear separation are due largely to polarization effects, is likely 
to have as a law of force for such large separations one beginning with a 
high inverse power, such as possibly the ninth. 

This theoretical work by Kratzer indicates that it is not possible to 
obtain from band spectra data any reliable estimate of the heat of 
dissociation, in the case of polar molecules which separate into two ions, 
such as HCl, but it holds out the possibility of obtaining such a result 
in the case of non-polar molecules, especially when the observed w*: n 
curve is strictly linear over a considerable observed range. The following 
experimental results support these deductions. 

As an example of polar molecules, we may take HCI. Its w*:m curve is 
known only to =3 but it has definitely a negative curvature. Even if 
this curvature is disregarded, and a linear extrapolation made, using the 
slope at »=0, a value of E, of only 5 volts is obtained. Hund,'® and 
Kemble," considering the law of force for large nuclear separation, as 
well as the band spectra data, obtained much larger values (13.7 and 
10.9 volts respectively). 


OXYGEN 


As an example of homopolar molecules, let us first consider oxygen. 
The known energy levels of this molecule as well as of other more or less 
non-polar molecules, are shown, plotted to scale, in Fig. 3. The w":” 
curves for all of the sets of levels shown in Fig. 3, as well as certain others, 
are given in Fig. 4. This latter figure is taken from Chap. IV (Fig. 12) 
of the Report on Molecular Spectra, and gives all of the known w": n 
curves for diatomic molecules consisting of carbon, oxygen, or nitrogen, 
and their combinations. Each electronic energy level in Fig. 3 is given 
an arbitrary designation, following the system used by Birge," and the 
relation of the curves of Fig. 4 and the levels of Fig. 3 is given in the 
caption of Fig. 3, together with other information. The spectroscopic 
data used in the preparation of Fig. 3 are indicated briefly in the present 
communication. They will be given in detail in separate articles, in the 

1 Hund, Zeits. f. Phys. 32, 1 (1925). 


1! Kemble, Jour. Opt. Soc. Amer. 12, 1 (1926). 
2 Birge, Nature 114, 642 (1924), for N2; Nature 117, 229 (1926), for CO and CO*. 
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near future.'* The scale on the left side of Fig. 3 is in wave-numbers 
(cm-') running from 0 to 200,000, and in volts, running from 0 to 24. 
The level X in each case represents the stable (i.e., normal) state of the 
neutral molecule. The level X’ represents the stable state of the ionized 
form, so that X’—X equals the ionization potential of the molecule, 
which we designate J. The sources of information for these values will 
be given presently. Obviously the X’—X interval is not known with any 
real accuracy in any case but all other intervals, such as A’— X’, or A—X, 
are known with considerable accuracy from band spectra data. Finally, 
at the right of each electronic level there is given, in addition to its letter 
designation, the value of w®, the frequency of vibration for infinitesimal 
amplitude for that particular electronic configuration.“ 

The most interesting band system in the case of oxygen is the Schu- 
mann” ultraviolet absorption bands. Hopfield and Leifson’® have ob- 
served new bands for this system, and Leifson'? has made fairly accurate 
measurements of these new bands. We have since found that these bands 
form a continuation of the n’’=0 progression, using the recent inter- 
pretation of this system by Fiichtbauer and Holm.'* The distribution 
of intensity is, as already noted, precisely similar to that found in the 
iodine bands, and for that reason the intensity decreases as n’ decreases, 
in the m’’=0 progression. (n’ refers to the excited, n’’ to the less excited 
or normal state.) Hence it is difficult to decide, from observations merely 
on the absorption spectrum, what are the true values of m’. The question 
has now been answered by Dr. R. S. Mulliken (private communication) 
who finds that the Runge emission bands of oxygen’® are merely a portion 
of this same band system. The bands actually measured by Runge cor- 
respond to n’=0, n’’=11 to 17. There are, however, other bands on 
Runge’s plates, stretching into the violet and evidently corresponding to 
smaller values of n’’ of this same progression (the bands to be expected 
in emission for a source at low temperature).2° This discovery shows that 


18 For brief preliminary accounts see Birge, Phys. Rev. 23, 294 (1924) and Nature 
114, 642 (1924) for N2; Nature 117, 229 (1926) for CO; Nature 116, 171 and 207 (1925), 
for CO*; Sponer, Nature 117, 81 (1926), Sponer and Hopfield, Phys. Rev. 27, 640, 
Abstract No. 10, (1926), and Birge and Hopfield, Nature 116, 15 (1925), for NO; 
Ellsworth and Hopfield, 27, 639, Abstract No. 9, (1926) for O2*. 

4 In the case of the B’ level of CO*, 1697.8 is a slightly better value than 1704.4. 
Similarly for A’ of N2*, 2392.3 is better than 2396.0. 

4% Smithsonian Contributions to Knowledge, 29, No. 1413 (1903). 

16 Hopfield and Leifson, Phys. Rev. 25, 716 (1925). 

17 Leifson, Astrophys. J. 63, 73 (1926). 

18 Fiichtbauer and Holm, Phys. Zeits. 26, 345 (1925). 

1° Runge, Physica 1, 254 (1921). 

20 See Report, Chap. IV. section 4, for further details. 
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the m’ numbering used by Fiichtbauer and Holm is actually two units 
too low. Using Runge’s measurements of the emission bands, and also 
all available data on the absorption bands, we find that the entire system 
can be represented by* 


y=49, 359.3+(708n’—13n"— -- + )—(1565.37n'"—11.37n") (4) 


where Leifson’s measured bands run to n’’=0, n’=18, the bands from 
n'=9 to 18 being new. The f(n’) is given by curve 20 of Fig. 4, and as is 
immediately evident from the figure, a complex function would be needed 
for an accurate representation. A precisely similar curve occurs for the 
excited state of the iodine bands. 

Assuming such an extended f(m’), Eq. (4) represents the above noted 
bands and also the m’’=1 progression of Fiichtbauer and Holm. The 
relative frequencies of their other progressions are also represented, but 
according to the above equation all are slightly displaced. This is due 
probably to the fact that another instrument was used for these additional 
(high-temperature) progressions. 

In further analogy to iodine, there occurs on Leifson’s plate a region 

.of strong continuous absorption, at the head of the discontinuous pro- 
gression of bands n’’=0. Curve 20 of Fig. 4 indicates that the position 
of this point can be obtained with great accuracy, and in fact a smooth 
extrapolation of this curve to w&*=0 (n=21), gives E, =0.81+0.01 volts. 
The electronic excitation (B—X of Oz, on Fig. 3) is 6.24 volts, and the 
total energy required for dissociation is therefore 7.05+0.01 volts. In 
other words, the beginning of continuous absorption is at \1751, five 
Angstrom units (or 0.02 volts) beyond the last measured band. These 
relations yield immediately a fairly accurate value of the true heat of 
dissociation of Oz, for in the case of the oxygen atom, we have exact 
information as to the energy levels. Hopfield* has shown that the 
valence level of oxygen consists of a triple P level, of spacing 0.01 and 
0.02 volts. The next level represents 9.1 volts of energy. Hence we may 
assume, in analogy to iodine, that the electronic excited oxygen molecule, 
in state B, dissociates into one stable atom and one atom in a metastable 
P state. But whereas in iodine this metastable state is about one volt 
above the lowest level, in oxygen it is at the most 0.03 volts above. 
Hence the most probable value of the true heat of dissociation D of oxygen 


%1 In equation (4) all frequencies are expressed, as usual, in wave-numbers (cm™). 
The coefficient of the first power term in nm equals w°, the frequency of vibration for 
infinitesimal amplitude, while the coefficient of the second power term in m equals 
wx, or one-half the rate of variation of w* with n. (Compare Eq. (1) ). 

2 Hopfield, Astrophys. J. 59, 114 (1924). See also O. Laporte, Naturwiss. 12, 598 
(1924). 
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is 7.05—0.03, or 7.05—0.02 volts. If both atoms are excited the least 
possible value of D is 7.05 —0.06 volts. If both are stable, it is 7.05 volts. 
It would seem that we are certainly justified in assuming that D is 
7.02+0.05 volts.” 

Let us now consider the stable state of the oxygen molecule. The 
w":n curve is known from n’’=0 to n’’=17 (with certain points now 
missing, as already mentioned, and as shown in curve 20’ of Fig. 4). It is 
linear over this range and using the constants of Eq. (4), we obtain 


1565. 1565. 68.81 
ape wd = 68.81, and E,= =e =53,856 cm, — which 
2X 11.37 2 


divided by 8100 gives 6.65 volts. This should be the true heat of 
dissociation, if the extrapolation is correct, and the discrepancy of 0.4 
volts with the previous value may be taken as an indication of the 
probable error of such an extrapolation. From state A, a similar extra- 
polation gives E,=4.43 volts, which added to the electronic energy 
E,.=1.62 volts (i.e., A-X) gives 6.05 volts, compared to the previous 
7.05 volts. In this case, however, the known w":m curve (No. 19 of 
Fig. 4) is so short that no reliance can well be placed on the result. 

Turning now to O,*, we find but two known levels, both associated 
with the first negative group of oxygen. Johnson™ has made the most 
extensive measurements of this system, and Mecke* and Birge?’ inde- 
pendently made quantum assignments which differed slightly from each 
other, and from Johnson’s arrangement. The uncertainty is due to the 
intensity distribution which, as already noted, is similar to that for the 
iodine bands, and for the Schumann oxygen bands. The proportional 
change in w® for this system is in fact greater than in any other known 
system. The energy levels of Fig. 3 and curves 18 and 18’ of Fig. 4 are 
based on the n’n”’ assignment assumed by Birge, which leads to the 
equation : 





no 


*3 It is of interest to note that this new value of D checks the rough estimate of 7 
volts, made by Born and Gerlach (Zeits. f. Physik. 5, 433 (1921) from the observed 
long wave length limit of the photochemical formation of ozone from oxygen. On the 
other hand it disagrees with Eucken’s estimate of 18.4 volts (Liebig’s Ann. d. Chemie 
440, 111 (1924). Prof. Eucken has since changed this estimate to 9.1 volts. as Prof. 
Grimm has kindly informed one of us. 

* Throughout the paper we record results such as this to 0.01 volt, even though 
they cannot be trusted, as far as a value of the heat of dissociation is concerned, to less 
than 0.5 volt. 

*% Johnson, Proc. Roy. Soc. 105A, 683 (1924). 

* Mecke, Phys. Zeits. 26, 217 (1925). 

77 Birge, Phys. Rev. 25, 240 (1925). 
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38 , 308 


= 885.23n’—13.7n’2) —(1859.86n" —16.53n’"2 5 
" 32 100} n!—13.7n!2) —( “ n't) (5) 


The w*:n curve of the stable (X’) state is linear from n’’=0 to 8 (No. 18’ 
of Fig. 4). Its linear extrapolation gives D’=6.46 volts, the heat of 
dissociation of the ionized oxygen molecule. The excited state B’, in 
spite of the low value of w®, also gives a linear curve (No. 18) and from it 
we obtain E,=1.76 volts, E,=4.73 volts, and hence D’=6.49 volts. 
Evidently, as in the case of Oz, the products of dissociation, even from 
an excited molecule, may be two stable atoms, or at the most two but 
slightly excited atoms. The valence level of O+ is probably an S level 
of the quartet system and therefore single.2* The next level may safely 
be assumed as at least several volts higher. This is outside the limits of 
error, and we may therefore conclude that D’=6.5 volts, with a possible 
error of a few tenths of a volt. 

Values for the heat of dissociation of a neutral and an ionized molecule 
may be correlated with ionization potentials in the following manner. 
If three of the following four quantities are known, 

D =dissociation heat for the neutral molecule 

D’ =dissociation heat for the ionized molecule 

I, =ionization potential for the neutral molecule 

I, =ionization potential for the neutral atom, 
the fourth can easily be calculated. Thus a process O.—O+O* can 
theoretically occur in two ways, i.e., first by ionizing the molecule and 
then dissociating it, or first by dissociating the molecule and then ionizing 
one of the atoms. Hence by conservation of energy 


Int+D’=D+I, (6) 
With the value 7, = 13.56, known from Hopfield’s work, we obtain 
Imn+6.5=7.024+13.56 (7) 


or J,,=14.1 volts. This gives the X’-X interval for oxygen, and was used 
in plotting Fig. 3. 

Ellsworth and Hopfield?® have recently measured a number of addi- 
tional bands of the first negative group of oxygen. These new bands fit 
into the n’n”’ assignments as given’ by Birge, but would be excluded by 
Mecke’s assignment. In addition, however, they observe one more n’ 
progression of bands, lying still further to the violet, and there are 
indications of additional progressions. All of these are too faint to 
measure. The addition of such new progressions, in Fig. 3, would not 


%8 See Fowler, Proc. Roy. Soc. 110A, 476 (1926). 
*® Ellsworth and Hopfield, Phys. Rev. 27, 639 (A) 1926. 
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affect any of the levels as now drawn, but would merely add one or more 
additional vibrational levels below level X’ of O,+. In other words the 
present level marked X’ does not correspond to n’’=0, but rather to 
n'’=1 or even several units higher. The true value of w”’ is therefore 
somewhat higher than 1859.9. 

This change would make D’ greater and I, less, by just these added 
levels (about 0.23 volts per added level). Therefore the true ionization 
potential of the neutral oxygen molecule may be several tenths of a volt 
less than 14 volts. Now Hogness and Lunn*® have made the most 
recent measurements of the voltage at which O,+ ions and O+ ions first 
appear, in the positive ray analysis of oxygen. They find that these 
two types of ions are produced each by a primary process, at 13 volts 
and 20 volts respectively. The limit of error is at most one volt in each 
case. Hence an O, molecule can be dissociated directly into O and Ot, 
and by Eq. (7) the required amount of energy is 20.58 volts, as compared 
to the Hogness and Lunn value of 20+1, while an O,*+ ion can be 
produced directly at 13+1 volts, as compared to our value of 14.1 volts 
which as just noted is probably quite a little too high. The agreement is 
very satisfactory.*! 


NITROGEN 


We next consider the nitrogen molecule. Three band systems of Ne 
and one of N.* are known, as stated in the caption of Fig. 3. But these 
systems determine only the levels A, B, C, D, X’ and A’. The level X is 
evaluated from Sponer’s* measurements of the excitation potentials of 
the various known band systems. This gives for the interval A-X, 
8.0+0.3 volts. The interval X’-X is known both by ionization potential 
measurements,® giving about 16.9 volts as the most probable value, 
and from Sponer’s measurement of the excitation potential of the first 
negative bands of nitrogen (giving B’=19.6+0.3 volts, X’=16.5+0.3 
volts). Sponer’s value has been used for Fig. 3. 


3° Hogness and Lunn, Phys. Rev. 27, 642 (A) (1926) and 27, 732 (1926). 

1 It is thus evident that these two critical potentials measured by positive ray 
analysis give J, and I,+D’. If then Jg is known from other sources, equation (6) can 
be used to determine D. This has been carried out by Grimm (Zeits. f. Elektrochem. 
31, 474 (1925) for oxygen and nitrogen, using for J,,+D’ the older positive ray results 
of Smyth (Proc. Roy. Soc. 105A, 116 (1923), and 104A, 121 (1923), and independently 
by Sponer (Naturwiss. 14, 275 (1926) for the same two molecules, using the newer 
values of Hogness and Lunn (see Phys. Rev. 26, 786 (1925), for nitrogen). 

% Sponer, Zeits. f. Phys. 34, 622 (1925). 

% See p. 119, Report on “Critical Potentials” of the National Research Council, by 
Compton and Mohler. 
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The strongest bands observed in the afterglow of “active nitrogen” 
correspond to transitions from the level »=11, of electronic level B of 
neutral nitrogen. Sponer (loc. cit.) by assuming that active nitrogen is 
atomic nitrogen, has concluded that the energy value of this level (i.e., 
its height about level X) measures the true heat of dissociation of Ne. 
This value is 11.4 volts, and may be assumed as a fairly correct evaluation 
of D.** The limiting values of the electronic plus vibrational energy, for 
levels A, B, and C are shown on Fig. 3. 

The vibrational levels of set A are given by 


E=1474.37n—13.982n?+0.02134n?—0.001721n'—0.000,0277n® (8) 


according to the analysis by Birge.** The analytic extrapolation of the 
corresponding w*:m curve (No. 14’ of Fig. 4) to w"=0 gives E,=3.88 
volts. The total energy is therefore 8.0+3.9=11.9 volts. Similarly 
set B is given by 


E=1718.40n—14.437n2?—0.001 ,473n?—0.000,0605n*—0.000,0296n5 (9) 


and the extrapolated energy is 5.27 volts, which added to the 9.35 volts 
of electronic energy gives 14.62 volts. Only five levels are known for 
set C and the great curvature of the w": graph (curve 13 of Fig. 4) can 
be represented only by using enough constants to pass the curve through 
every point. The resulting energy equation is 


E=2018.67n’—26.047n’2+-0.9873n"*—0.546n"4 (10) 


and the extrapolated value of E, is 1.64 volts, the total energy being 
14.64 volts. Level D lies at 14.8 volts, and no actual vibration is known 
indicating an especially unstable state of the molecule. In fact it is 
possible to get the fourth positive group of nitrogen (D-B transition) 
only with certain limited experimental conditions. 

In the case of N,*, the stable level is given by a linear w": curve 
(No. 16’ of Fig. 3) and the excited level A’ by a slightly negative curve 
(No. 16). The entire system, using mainly the data of Merton and 
Pilley*’ is given by 


4 See Birge, Nature 114, 642 (1924), and 117, 81 (1926). 

% This disagrees with the value of 19.1 volts given by Eucken (loc. cit), obtained 
from specific heat data. He has since revised this value to 16.5 volts which agrees quite 
closely with the value of 15.9 volts obtained by Grimm (loc. cit) from positive ray 
analysis. In this work by Grimm, he used for J, a value of 11.8 volts obtained by in- 
terpolation of the Ly: Moseley diagram, (Fig. 14 of Report on “Critical Potentials”) 
and for I,n+D?’ the results of Smyth, as already noted. 

% Birge, Phys. Rev. 23, 294 (1924). 

37 Merton and Pilley, Phil. Mag. 50, 195 (1925). 
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v=25,565.9+(2392.3n’—22:8n’2— - - -)—(2187.4n” —16.3n’’?) (11) 


The extrapolated value of the vibrational energy, from level X’, is 9.06 
volts and this may be a reasonably accurate determination of the heat of 
dissociation D’ of N+. The level A’, because of the short and curved 
character of the w":m graph yields a very uncertain value of the ex- 
trapolated energy. Assuming a parabola for curve 16, the value of 
E,,=3.6 volts. Using only the first two terms of the parabola, as given 
in Eq. (11), the value of EZ, is 7.7 volts. These may be taken as upper 
and lower limits. The electronic energy is 3.16 volts, and E.+£,=6.8 
or 10.9 volts, compared to 9.1 obtained from level X’. 

Assuming that D is 11.4 volts, and D’ is 9.1 volts, we may use Eq. (6) 
to determine J,. For the sake of consistency we should use Sponer’s 
value of 16.5 volts for J,,, rather than 16.9 volts, since D=11.4 volts is 
taken from the same measurements by Sponer. Hence 


16.5+9.1=11.4+/. (12) 


or I,=14.2 volts. Now Hopfield** has recently found the ionization 
potential of the nitrogen atom to be 14.49 volts. Considering the un- 
certainty in each of the figures of Eq. (12), this is a satisfactory agree- 
ment. These figures seem to show that, if N2+ and N+ ions are each 
produced as a primary process, as in the case of O,+ and O* ions, the 
required potentials should be about 16.5 and 25.6 volts respectively. 
Hogness and Lunn®, in their work on the positive ray analysis of nitrogen 
find these voltages to be 17 and 24, respectively (each + one volt) but 
the formation of N+ ions they find to be a secondary and not a primary 
process. A preliminary interpretation of these results has already been 
made by. one of us*® as already noted. With the new results of Hopfield 
for J, we can give a more detailed discussion. The first value of 17 volts, 
for the production of N,+ ions agrees well with the previous direct 
observations of J,, already cited. Since the second critical voltage should 
give always I,,+D’, the difference is a direct measure of D’. This 
difference is 7 volts, as compared to our value of 9 volts, and appears 
to be outside the limits of error. The relative values of I, and D, used in 
Eq. (12), should be much more accurate than either one, since both are 
taken from Sponer’s measurements. Hence 


16.5—11.4=5.1=7,—D’. (13) 


If I, is 14.5 volts as found by Hopfield, D’ is 9.4 volts. If D’ is only 
7 volts, as results from the Hogness and Lunn values, J, is 12.1 volts. 


38 Hopfield, Phys. Rev. 27, 801(A), 1926. 
# Sponer, Naturwiss. 14, 275 (1926). 
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Now the deepest level of the nitrogen atom found by Hopfield is an 
S level of the quartet system, at 14.49 volts, while the next level is the 
S level of the doublet system, at 12.1 volts. If there are no transitions 
between the quartet and the doublet system, there is a possibility that 
12.1 volts represents one valence level, and that another type of electron 
lies in the 14.5 volt level, and may independently be removed. The 
reason why N* is formed as a secondary process, while O* is formed as a 
primary process, will be considered later. The discussion of the possible 
products of dissociation for the A, B, C, and D levels of N¢ is also best 
postponed in order that all available data may be considered collectively. 
CARBON MONOXIDE 

Taking up next the CO molecule, we find five known electronic levels. 
The facts regarding the X, A, and B levels are due to Birge*® who gave 
the n’n"’ assignments for the fourth positive group of carbon, and the 
Angstrom CO bands. The appearance of the expected portion of the 
fourth positive group, on Leifson’s!” absorption spectrum proves beyond 
question that X is the stable level of the CO molecule. R. C. Johnson" 
has recently been able to obtain the quantum interpretation of the new 
Cameron bands* and of the third positive group of carbon, thus establish- 
ing two additional electronic levels (a and 6) for CO. In the case of the 
Cameron bands, the essential m’ progressions for n’’=1 and n’’=0 were 
not observed, but by using the results of Birge for the fourth positive 
group, Johnson was able to show that in all probability the two band 
systems have a common final state. In this case the m’ progression for 
n''=0, of the Cameron system (whose calculated wave-lengths are 
A2060.4, 1990.2, 1925.3, 1866.1, etc.) should appear on Leifson’s ab- 
sorption plates. They do not, however, appear and it is thus evident 
that the X-a transition is much less probable than the X-A transition. 
Johnson also proved beyond question that the excited state of the 
Cameron bands (level a) is identical with the final state, for emission, 
of the third positive group of carbon. 

There is some doubt as to the number of vibrational levels known for 
states b and B. In the case of the Angstrom CO bands the n” progression 
for n’=0 (AA4511, 4835, 5198, 5610, etc.) and for m’=1 (A\4123, 4393, 
4698, 5016, etc.) certainly exist.“ But the few faint bands assigned to 


«© Birge, Nature 117, 229 (1926). 

“ Johnson, Nature, 117, 376 (1926). 

* Cameron, Phil. Mag. (7) 1, 405 (1926). 

* See Kayser’s Handbuch, Vol. V. pp. 227-228 for older list of wave-lengths, and 
Hulthén, Ann. d. Phys. 71, 41 (1923) and McLennan and Smith, Trans. Roy. Soc. 
Canada (3) 19, 39 (1925) for later measurements. Also spectra Nos. 269 and 279 of 
Hagenbach and Konen, Atlas der Emissions-spektren, for a good low dispersion photo- 
gtaph. The printed scale on 279 should be shifted 100A to the right. 
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the n’=2 progression (AA4301, 4581, 4901, 5281, etc.) may be only 
accidental clusters of lines of other bands. Hence we mark this n’=2 
level with a dashed line. Similarly the vibrational levels for set b are 
drawn from the data by Deslandres.“ The work of Wolter* shows quite 
clearly, however, that only the m’=0 progression of the third positive 
group of carbon actually exists. We have accordingly indicated these 
spurious levels by dashed lines. 

Turning now to the evaluation of the heat of dissociation, we find for 
level X a strictly linear w":m curve known over the unusually long 
interval m=0 to 22. (Curve 21’, 22’, of Fig. 4.) Its extrapolated area 
equals 11.18 volts. This value of the heat of dissociation of carbon 
monoxide can be checked from other known data as follows. 

Let Cg represent carbon in the gaseous state, and C, carbon in the 
solid state. Then 


C,+02=CO.+94,430 calories. (14) 
CO+1/2 O2=CO.+67 , 960% (15) 
O02=0+0— 161 ,950# (16) 
C,=C,—141,000*8 (17) 


From these four equations, one obtains 
CO=C,+0-— 248,445 calories (18) 


or D=10.8 volts.*® This value should be fairly accurate and again shows 
that the extrapolation of the w": curve for the stable state is likely to 
give a result in error by several tenths of a volt. 

As is shown in Fig. 3, the extrapolation of the w": curves from other 
levels gives values varying from 12.0 to 12.6 volts (excluding the b levels 
which as noted are undoubtedly spurious). But the extrapolation for 
the B level is possible only by assuming that m’=2 is a real level, and 
this seems doubtful. The w*:” curve for level a (No. 11’, 22) is very poor, 


“ See p. 233, Vol. V, of Kayser’s Handbuch for data. 

* Wolter, Zeit. wiss. Phot. 9, 36 (1911). See als@ Birge, Nature 116, 170 (1925). 

“ Landolt-Bérnstein p. 1497, 1923 (from Thomsen’s investigations.) 

‘7 Assuming our value of the heat of dissociation of oxygen (7.02 volts =161,950 
calories). 

*8 H. Kohn and M. Guckel, Naturwiss. 12, 139 (1924). This value of the heat of 
sublimation of diamond is the final result of a long series of observations, and should 
be quite accurate. 


* Eucken (loc. cit.) gives 18.0 volts for this quantity, and his corrected value is 
14.3 volts. 
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and so the extrapolated energy of 12.3 volts is very uncertain. Only in 
the case of level A is there a trustworthy w":n curve (No. 5’, 21), yielding 
12.0 volts for the heat of dissociation, if the products of dissociation are 
stable atoms. We have no information as to the energy levels of the 
carbon atom, except that the valence level should theoretically be a 
triple P level of small separations, as in the case also of the oxygen atom, 
the other product of dissociation. 

For CO*+ there are three known levels.*® The stable X’ level yields 
as usual a strictly linear w*:# curve (No. 6’, 7’) and a long extrapolation 
gives D’ =9.82 volts. The B’ level also has a linear w": m curve (No. 6, 8), 
according to Johnson’s® new data for the first negative group of carbon. 
These data give for the B’ level 


E=1697 .8n—24.33n? (19) 


a somewhat more trustworthy representation than the third degree 
equation given previously by Birge (loc. cit.). The extrapolated area 
is 3.66 volts, which added to E,=5.64 volts, gives D’=9.30 volts, in 
rather good agreement with 9.82 volts from the stable state data. Level 
A’ is one of the very few to give a positively curved w":n graph (7, 8’ of 
Fig. 4). The extrapolation is naturally very uncertain, but happens to 
give D’ =7.02 (vibration) +2.53 (electronic) =9.55 volts. 

Adopting 9.8 volts as the most trustworthy value of D’, and 10.8 volts 
as undoubtedly the best value of D, we may test Eq. (6), since each 
member is known. The value of J,, for CO has been obtained by direct 
measurement, and also indirectly by Birge® from Duncan’s measure- 
ments. The most probable value is 14.2 volts. If CO*+ dissociates into 
C+O?, the value of J, is 13.56 volts, as already used in the discussion 
of oxygen. Hence in Eq. (6) 


or 


14.2+9.8=10.8+13.56 
+ - (20) 


24.0= 24.36 


The value of D’ involves the greatest uncertainty and the agreement 
shown is even more satisfactory than might have been anticipated. 


Nitric OXIDE 


Only the neutral form of this molecule is known, from data on band 
spectra. The four electronic levels are evaluated from measurements 


5° See Birge, Nature 116, 170 (1925) and 116, 207 (1925). 
& Johnson, Proc. Roy. Soc. 108A, 343 (1925). 
 Birge, Nature 117, 229 (1926). 
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of three different band systems. The recent work of Sponer® and of 
Sponer and Hopfield shows unquestionably that the 8 bands and the 
third positive group (y bands) of nitrogen have a common final level,— 
the normal level of NO,— and that the initial level of the y bands is 
identical with the final level of the new ultra-violet system first found 
in nitrogen by Lyman," and later extended and analyzed by Birge and 
Hopfield. The electronic energy of state C (13.96 volts) is surprisingly 
large since electron impact measurements give about 9 volts for the 
ionization potential of NO.57 Mulliken (private communication) has 
accordingly suggested that the C-A band system represents a double 
electron transition. On the other hand, Morton and Riding®* from 
dispersion data conclude that the ionization potential is about 14 volts, 
and E. Condon (private communication) has independently reached a 
similar conclusion. 

For the state level of NO one finds, as usual, a linear w":n curve 
(No. 1’, 2’, of Fig. 4) with a corresponding energy equation 


E=1888.3in—13.885n? (21) 


The extrapolated area is 7.93 volts, and this estimate of the heat of 
dissociation of nitric oxide can be checked from other data. Thus we 
know’® 

NO=1/2 N2+1/2 O2+21,570 calories (22) 


Assuming our previous values of the heat of dissociation of oxygen (7.02 
volts = 161,950 calories) and of nitrogen (11.4 volts =263,000 calories), 
one obtains 

NO=N-+0-— 190,900 calories (23) 


or a heat of dissociation of 8.3 volts.*° This discrepancy of 0.4 volts again 
indicates the order of magnitude of the error introduced by the use of 
the w":n curve for the normal state of the molecule. 

Nitric oxide presents the interesting case of a normal level with a 
frequency of vibration much less than that for one of the known excited 
levels. In such a case it is obvious that the limiting energy, as obtained 
from the higher level (here level A) will be much greater than that 


53 Sponer, Nature 117, 81 (1926). 

% Sponer and Hopfield, Phys. Rev. 27, 640(A), (1926). 

55 Lyman “Spectroscopy of the Extreme Ultra-Violet,” pp. 82 and 113. 

% Birge and Hopfield, Nature 116, 15 (1925). 

57 Report on ‘‘Critical Potentials” page 124. This result has since been verified 
by Hogness and Lunn (private communication) from positive ray analysis of NO. 

58 Morton and Riding Phil. Mag. (7) 1, 726 (1926). 

5° Landolt-Bérnstein, p. 1495, (1923). 

*° Eucken (loc. cit.) gives 15.2 volts, since revised to 11.9 volts. 
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obtained from the normal level unless the slope of the w": m curve of level A 
is much less than that of level X. The w*:m curve for this level (No. 2, 
17’) is linear. The energy equation for level A as well as for level C has 
already been given by Birge and Hopfield (loc. cit). The limiting value 
of E, is 11.75 volts, while £, is 5.44 volts, a total of 17.19 volts. Assuming 
a true heat of dissociation of 8.3 volts, this leaves 8.9 volts of excess 
energy. But as already noted, the first level in the oxygen atom above 
the triple valence level represents 9.10 volts energy. It therefore seems 
very probable that in this case the products of dissociation are one stable 
nitrogen atom and one 9.1 volt excited oxygen atom. 

The w*:m curve for state B is very uncertain (No. 1 of Fig. 4) and the 
limiting energy, 10.0 volts has therefore no significance. On the other 
hand, only four levels are known for state C, and the very long extrapola- 
tion of the w*:” curve (No. 17) gives about 19.6 volts for the total energy, 
a figure 2.4 volts higher than that obtained from level A. 

This completes the various energy values obtained from spectroscopic 
sources, and with the data now available, we may consider in a more 
general way the possible processes involved in dissociation and ionization. 


SoME GENERAL CONSIDERATIONS 


We have noted earlier in this paper that Franck draws a sharp dis- 
tinction between molecules like I, which are held together by secondary 
forces and have a small heat of dissociation, and molecules like O2 and N2 
which have a very high heat of dissociation. Franck considers that the 
second type cannot dissociate by an adiabatic process, and therefore the 
dissociation of such molecules cannot be caused by light absorption but 
only by collisions. We have seen, however, that oxygen dissociates by 
light absorption in a manner precisely similar to iodine, even though we 
cannot assume that this molecule is held together by van der Waals 
forces. The theory in the case of iodine has been given by Franck, as 
outlined in the first section of this paper. If a molecule possesses an 
electronic level in which the binding is much weaker than that for the 
stable level, the most probable transition between the two levels, when 
caused either by absorption of light or electron impact, is accompanied 
by a large change in the vibrational energy. It is quite possible to change 
from a state of zero vibration to one of so violent vibration that dissociation 
takes place. This occurs in the only known excited level of iodine, and 
in level B of oxygen. Similar considerations may be used to explain the 
difference in the behavior of oxygen and nitrogen in the Hogness and 
Lunn experiments on positive ray analysis. They found, as noted earlier, 
that O+ ions are produced as a primary process, but N* ions only as a 
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secondary process. As a result of electron impact, one electron may be 
ejected, producing the positive molecule ion. This is obviously a primary 
process, in the case of any molecule (ionization). It is, however, possible 
as a result of electron impact of sufficient energy to remove one electron 
entirely from the molecule, and simultaneously to displace another 
electron to an excited orbit. If now this excited orbit (of the ionized 
molecule) corresponds to a binding of the two nuclei much weaker than 
that for the initial state, then, just as in the case of light absorption, the 
molecule “‘finds itself’ with a relatively large amount of vibrational 
energy, sufficient possibly to dissociate it. 

In other words, the energy lost by the impacting electron goes partly 
into vibrational and partly into electronic energy. In previous inter- 
pretation of critical potential work the observed potentials have been 
taken as a measure of the separation of the various electronic energy 
levels. The new possibility of the acquirement also of vibrational energy 
will obviously make the observed critical potentials less sharp, and also 
too high in certain cases. Witmer* has very recently pointed this out in 
the case of the ionization potential of the hydrogen molecule, where it 
is possible that the molecular ion has quite a different strength of binding 
from the neutral molecule. 

Now in O,* we have an excited electronic level of very weak binding 
(level B’) as compared to the binding in level X. But in N,*+ the only 
excited level corresponds to a binding (w® = 2396) which is probably about 
equal to that of level X of N2.® Therefore it is possible, as a result of a 
single electron impact, to ionize the oxygen molecule, and further to 
give it electronic excitation of such a character that it finds itself with 
sufficient vibrational energy to dissociate (into O and Ot). But in the 
case of nitrogen this is not possible, so far as the known spectroscopic 
data show. We may assume that there is an electronic level above A’ 
of N,* in which it is possible to place the molecule, by means of electron 
impact, and that if this excited N.+ molecule represents sufficient energy 


6! Witmer Proc. Nat. Acad. Sci. 12, 238 (1926). 

This investigation by Witmer was carried out simultaneously with our own work, 
and was quite independent of it. Witmer finds a series of hydrogen bands on Lyman’s 
spectrograms which have a common initial (excited) state, and so evaluate a set of 
final states. The resulting w":n curve runs almost to w" =0, and from it Witmer obtains 
a heat of dissociation of 4.3 volts, by the same process that we are using. We believe 
that this result is essentially correct, although there is no direct proof as yet that the 
w":n curve used by Witmer represents the normal state of the hydrogen molecule, or 
that the lowest observed level corresponds to  =0. 

® We may expect, in view of the many other analogies, that level X of Nz and CO 
will have about the same w®, (i.e., about 2150). 
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to change Nz into N+Nt, dissociation into these products may later 
occur as a result of collision, as found by Hogness and Lunn. 

Let us consider now more closely the general question of the mechanism 
of dissociation. In the case of molecules like Hg, and Nae, which are 
presumably held together by secondary forces, it is possible for the 
molecule, by addition of sufficient vibrational energy, to be separated by 
a continuous process into two atoms. For molecules like Ne, CO, and O2 
it does not seem possible to picture such a process, since there are in the 
molecules several electronic orbits of different quantum designation from 
those in the constituent atoms (Franck, loc. cit.). It may be, however, 
that as such molecules are given more and more quantum units of 
vibrational energy, the point is reached where the whole molecule 
suddenly becomes unstable and dissociates. This would mean a sudden 
ending of the w": curve, before it has reached the m axis. In the case of 
the B level of O2 such a point, if it exists, must be very close to the value 
of w"=0, and the error introduced in the evaluation of the heat of 
dissociation, by extrapolating the w":m curve to w"=0, is certainly less 
than 0.02 volts. Now in this case we are dealing with an excited molecule, 
but any reasonable assumptions as to the structure of the oxygen molecule 
seem to indicate the existence of at least four electron orbits in the 
molecule of different quantum designations from those in the atom. 
The excited state differs from the normal only by the displacement of a 
single electron, and hence any difficulty in visualizing the dissociation 
process applies equally to both of these states. The agreements which 
we have obtained, by extrapolating the w": curves for the normal state 
of the various molecules to w" =0 seem to indicate that any sudden break 
in these curves, if it exists, is within 0.5 volts of the limiting energy 
obtained by this smooth extrapolation. We believe, however, that the 
break in all such cases, if it exists, is very close to the w*=0 point, and 
that the discrepancies of a few tenths of a volt which have been found 
are to be ascribed to the error of the extrapolation. 

In the case of many excited states of the molecule, the electronic energy 
is so large that the addition of a relatively small amount of vibrational 
energy will make the total energy equal to the heat of dissociation. Now 
it is known that spontaneous dissociation depends not on the total amount 
of energy, but upon the amount of vibrational energy. In fact it is 
possible for a molecule to absorb and re-emit energy greatly in excess 
of the heat of dissociation, due to the fact that most of the energy is not 
in the form of vibration. But we may assume that collision with another 
body may result in dissociation, if the molecule has a total amount of 
energy equal to the heat of dissociation. In this case the two resulting 
atoms must be in the normal condition. In the case of certain excited 
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electronic states (such as level B of nitrogen) dissociation does not occur 
when this critical energy point is reached, with collisions occurring. 
We may explain this by assuming that for such cases, the products of 
dissociation include at least one excited atom. This predicts a break in 
the series of observed vibrational energy levels when the total energy 
equals the heat of dissociation plus a certain energy of atomic excitation. 

Now the distribution of intensity in the band systems associated with 
the energy levels of Fig. 3 shows that in several cases the vibrational 
energy levels do break off sharply at a certain value of n. These cases 
include the C level of N2(#maz=4), the C level of NO(#maz=3), and the 
B level of CO, where we have noted that state n=1 definitely occurs 
(with about the same probability as state n =0) but state m = 2 is probably 
missing. In other cases, as level D in Ne, and level } in CO, no vibrational 
levels even exist. Let us consider these cases in more detail. 

The 6} and B levels of CO both have a break at an energy virtually 
equal to the heat of dissociation. In this case we cannot decide whether 
the products of dissociation are two normal atoms, or whether they 
include one excited oxygen atom with 0.02 or 0.03 volts of energy. It 
should be noted that there is no known level in CO corresponding to 
energy greater than the heat of dissociation. In nitrogen the only known 
break occurs in the C level at »=4, for which the total energy is 13.94 
volts. This is 2.5 volts above the heat of dissociation. Now Hopfield, as 
already noted, finds an S level of the doublet system, in the nitrogen atom, 
2.4 volts above the S level of the quartet system. Itistherefore possible that 
the products of dissociation in this case are two nitrogen atoms, one in each 
of these two electronic states. For level C of NO the break corresponds 
to 14.6 volts energy, or 6.3 volts above the heat of dissociation. The 
probable interpretation is that a collision causes dissociation into one 
normal (or essentially normal) oxygen atom, and one 6.3 volt excited 
nitrogen atom. The entire system of levels for the nitrogen atom is 
not yet sufficiently well known to preclude this possibility. 

In other cases of band systems, the distribution of energy is such as to 
indicate that, with suitable experimental conditions, it would be possible 
to observe many higher vibrational levels than those indicated in the 
correlated sets of energy levels of Fig. 3. These cases may be analogous 
to level B of O, where, if a break occurs, it is close to the point for which 
w"=0. In fact, by extrapolation the w":m curves for these excited states 
one sometimes gets a total energy corresponding clearly to disseciation 
into one stable and one excited atom. A good example of this is level A 
of NO, which has already been discussed. A further example is level B 
of Nz where the extrapolated total energy is about 2.5 volts higher than 
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the extrapolated energy of state A. In this case the products of dissocia- 
tion from state A may be two normal nitrogen atoms and for state B, 
the same two products as already suggested for state C. In the case of 
O,+, the products of dissociation for the B’ level are evidently a normal 
neutral and a normal ionized atom, or a slightly excited neutral and a 
normal ionized atom. In the case of the other ionized molecules, we 
cannot yet draw definite conclusions. 


CONCLUSIONS 


It must not be thought that we have advanced the ideas of the last few 
pages as representing definite convictions on these matters. They are 
offered merely as tentative explanations of the facts indicated by the 
system of energy levels of Fig. 3. The actual evaluation of heats of 
dissociation does, however, seem possible. The w": curve for the normal 
state of the molecule is invariably linear, and its linear extrapolation to 
w"=0 seems to yield a value of D which is within at least 0.5 volts of the 
true value. In this case the corresponding physical process cannot be 
realized experimentally, but the result must give two normal atoms. 
In the case of dissociation from an excited molecular state the products 
of dissociation may be normal or excited atoms, and this uncertainty in 
general makes impossible the evaluation of the heat of dissociation from 
data on such states. If, however, the w":m curve of an excited state can 
be followed almost to w"=0, as in the case of level B of Oc, and if the 
known energy levels of the resulting atoms are such as to closely limit 
the possible products of dissociation, we have a means of determining a 
really accurate value of the heat of dissociation. Thus far iodine and 
oxygen are the only known molecules for which such a condition exists. 

By way of summary we give a table of the various heats of dissociation 
which we have obtained, together with the sources of each value. 

TABLE 





Molecule D from band spectra D from other sources 


O; 7 .02 volts = 162,000 cal. 6.5 volts = 150,000 cal.*° 
(from posit. ray analysis) 

O,* 6.5 volts =150,000 cal. 

Ng 11.9 volts =274,000 cal. 11.4 volts = 263,000 cal. * 


(from active nitrogen) 
N;* .1 volts =210,000 cal. 
Co .2 volts = 258,000 cal. 10.8 volts = 249,000 cal. 
(from chem. data, using Do ) 
Cor .8 volts = 226,000 cal. ° 


NO .9 volts = 182,000 cal. 8.3 volts = 191,000 cal. 
(from chem. data, using D wand Do,) 
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THE INFRA-RED ABSORPTION OF BRUCITE AND 
SOME SULPHATES; ISOTOPIC EFFECT* 


By E. K. PLYLER 


ABSTRACT 


By means of an infra-red spectrometer the structure of the absorption 
band of brucite |[Mg(OH).] was studied. The region of greatest absorption 
was found to be at 2.484. Besides this maximum there were small maxima of 
absorption located at 2.40u, 2.30u, 2.144. The maxima at 2.48, 240u, and 2.30u 
correspond approximately in position and absorption to the isotopes of Mg”, 
Mg*, and Mg” as found by Aston. The small band at 2.14y, corresponds in 
position to Mg**. However, this isotope is not given. The work of Coblentz 
has been examined for the isotopic effect. In the reflection spectrum of nickel 
sulphate in solution there are two maxima located at 9.154 and 9.50u. The 
second is more intense. These maxima are probably due to Ni** and Ni®. In the 
spectrum of potassium sulphate there are two maxima, one at 9.00u and the 
other at 9.40u. The maxima at 9.40u is much more intense. These two maxima 
are probably due to K****! and K** taken twice. Other sulphates in solution 
showed only one maximum. The sulphates of barium, strontium, and mag- 
nesium in the solid state also had complex maxima. As the light was un- 
polarized, these maxima might be due to pleochroism. 


INTRODUCTION 


INCE Aston first found the existence of isotopes in some elements by 

means of the mass spectrograph, many attempts have been made to 
find a difference between the spectra of materials obtained from different 
places. In line spectra the displacement due to the different isotopes is 
very small and thus it is difficult to detect them. However, in band 
spectra the mass of the atoms composing the molecule considerably 
influences the position of the maxima. Kratzer' and Loomis? first showed 
the relation between mass of atoms and location of bands. Kratzer has 
extended the theory of band spectra more recently. It is shown that in 
band spectra there exists a band for each isotope. For example, in the 
case of hydrogen chloride there exists a set of bands for HCI*® and HCI*’. 
The intensity of these are about in the ratio of the abundance of the two 
isotopes. Sometimes the fine structure of the two bands overlap and 
makes it difficult to separate them. In like manner we should expect 
every absorption band which was caused by molecules that contained 
isotopic atoms to have as many maxima of absorption as there were 

* Presented at the meeting of the American Physical Society April 23-24, 1926. 


1 Kratzer, Zeit. Phys. 3, 460(1920). 
* Loomis, Astrophys. J. 52, 248(1920). 
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different isotopes. By examination of many absorption and reflection 
spectra in the infra-red, there are not found the separate maxima due to 
the isotopes. This should not be interpreted to mean that the isotopic 
effect does not exist, but rather that it has not been observed. There are 
probably two reasons for this: first, the resolution of a prism spectrometer 
is not sufficient in some band spectra to separate the maxima; second, 
the investigators have been more interested in the position and percent 
absorption of the maxima of the bands than in the study of the fine 
structure of bands. Readings were made at intervals of .10u; so we 
should expect to find the isotopic effect only in a few cases. Further on an 
example of this is given. 

It should be remarked that the theory of band spectra and its applica- 
tion to the isotopic effect has been built up on the basis of a diatomic 
molecule of a gas. For a more complex molecule the results would be 
different. We would still find the isotopic effect but it would be more 
difficult to calculate the relative displacements. In the case of a liquid 
there would be some interaction between the different molecules. Yet 
we should expect to observe the isotopic effect. 

In the case of solids it cannot be seen that it is an isolated molecular 
rotation. However, the absorption in solids is in general similar to that 
in liquids, and the isotopic effect should also appear in the bands of solids. 

In order to see if the isotopic effect was of the same nature in solids as 
in gases, cleavage sections of brucite, Mg(OH):, were prepared. Brucite 
was selected because the optic axis is perpendicular to the cleavage planes. 
That made it certain that other maxima were not found due to the 
radiation having a path not parallel to the optic axis. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


Aninfra-red spectrometer with rock salt prism was used to disperse 
the radiation. The collimator and telescopic slits were each .25 mm. 
A Nernst glower was used for the source. For regions below 3u a 20 
ampere tungsten lamp was used. The detecting system consisted of a 
linear thermopile and a low resistance galvanometer of high sensitivity 
(10 mm per microvolt). The deflections were read by means of a telescope 
two meters from the galvanometer. The deflections were approximated 
to .1 mm. Very little error was present in taking readings for the least 
deflection obtained in the region of greatest absorption was over 4 cm. 
At each setting of the instrument four deflections were obtained; two 
when the specimen was in the beam and two for the source. 
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RESULTS 


A. BRUCITE 

In Fig. 1 is shown the absorption curve for brucite for a thickness of 
.30 mm. The points are not put on this curve as they come so close 
together. From 2u to 2.60u readings were made at intervals of .02y. 
From 2.604 to 4u readings were made at intervals of .05u. Maxima of 
absorption were found at 2.48u, 2.40u, 2.30u, and 2.144. At the most 
absorbing region there was about 19 percent of the energy transmitted. 
Since the coefficient of absorption was not desired in this work, no 
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Fig. 1. Brucite. 


-orrection was made for reflection. The transmission curve shown here 
corresponds in general with that obtained by Coblentz.* However, the 
writer also found a band at about 1.30u. The true shape of this band 
could not be obtained because of small rough places on the surface. This 
causes a greater percent of diffuse reflection for short wave lengths than 
for longer ones. The region from 2y to 2.60u was studied five times and 
two different specimens were used. There existed slight differences due 
to experimental error, but the four bands appeared for each trial. As 
can be seen from the curve, it is difficult to find the exact location of 
the maxima. The readings at 2.124 and 2.144 were the same. Since the 


* Coblentz, Investigations of Infra-red Spectra, Part 1 and 2. . 
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settings were made at intervals of .024, any of the maxima might be in 
error by that amount. 

These maxima are of especial importance as they correspond to the 
maxima for the isotopes of magnesium. The atomic weight of magnesium 
is 24.32. Aston‘ gives the isotopes Mg**, Mg*, and Mg”*. The separation 
between the bands can be found approximately by considering Mg as 
one center of mass and (OH), as the other. The equation for a diatomic 
molecule can then be used. In Table I is given the observed and cal- 
culated values for the isotopes. All the calculations are made on the 
basis of the more abundant isotope Mg™ having its maxima at 2.48y. 


TABLE I 


Observed Band Calculated Band 
2.48u 2.48u 
2.40 2.39 
2.30 2.30 
— 2.21 
2.14 2.13 


It can be seen from the above table that the observed bands are 
located at the proper positions. Fig. 1 also shows that the intensity is 
of the right magnitude. When the percent absorption increases so rapidly 
with change in wave length, errors are more likely to occur. However, 
the smal band at 2.144 appeared each time. This band could be due to 
impurities in the brucite. The material was transparent and of a silvery 
white color. No band was formed which corresponded to Mg?’. There is 
a slight inflection of the curve at 2.20u, but this is probably due to experi- 
mental errors. Watson® has recently studied magnesium hydride and 
finds the isotopes for Mg*%, Mg*, Mg”* but no lines due to Mg**. This 
would cause us to think that the small band at 2.144 might be due to 
some other cause. 


B. SULPHATES 


The writer also desired to find the isotopic effect for some liquids. 
Kindred materials such as the different sulphates would be suitable 
because they all have absorption bands of nearly the same type. Coblentz*® 
has already shown that all sulphates have bands of reflection in the region 
of 9u. Thus we should expect any differences in the bands to be caused 
by the combining element rather than by the SQ, radical. 

All of these spectra were obtained by reflection. A solution of the differ- 
ent materials was made. As water does not have any strong bands at 9p, 
it is not likely that the reflection spectra were modified by the water. 

* Aston, Isotopes, London. 


* Watson, Astrophys. J. 63, 20 (1926). 
* Coblentz, Investigations of Infra-red Spectra, Part 3 and 4. 
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However, the percent reflection is much less for the solution than for 
the solid state of the substance. Coblentz also measured the reflection 
from nickel sulphate in the solid state and finds a double maxima as in 
the case of the solution. The band in solution is shifted to greater wave- 
lengths. Pfund’ has measured the reflection spectra of the sulphates in 
the solid state. His values give maxima for all the sulphates at around 9y. 
So it seems reasonable to assume that all these maxima are due to the 
sulphates and that they are little influenced by water. 
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Fig. 2. (a) Cadmium sulphate, (b) dilute solution. 


By examination of these reflection spectra the isotopic effect was 
observed. In Fig. 2 is shown the reflection spectra for cadmium sulphate. 
It can be seen that a rather sharp band is found. In this reflection band 
as well as in the others represented the readings were made at intervals 
of about .10u. So in some cases there might be a complex structure which 
is not brought out by the observations. 
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Fig. 3. (a) Nickel sulphate, (b) dilute solution. 


7 Pfund, Astrophys. J. 24, 19 (1906). 
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Curve a represents a concentrated solution and curve 0} represents a 
more dilute solution.” Only one maxima is present and it occurs at 9.2u. 

In Fig. 3 are shown the reflection spectra of nickel sulphate. Curve a 
is for a concentrated solution and curve 0} for a solution of 50 percent 
strength. The reflection band is complex. There are two maxima located 
at 9.154 and 9.5u. As the readings were made at intervals of .1u, these 
values cannot be considered to have a greater accuracy than that amount. 
These two maxima are probably due to Ni** and Ni®. The atomic weight 
of nickel is 58.68; so the intensity of the maximum due to Ni** should 
be about twice that of Ni®. Also the maximum of reflection due to the 
lighter isotope should have a greater wave-length. 
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Fig. 4. Zinc sulphate. 


In Fig. 4 is shown the reflection spectrum of zinc sulphate. Four isotopes 
have been found for zinc: Zn, Zn®, Zn®*, and Zn’°. Only one maximum 
was found by Coblentz. However, from examination of the curve it can 
be seen that the head of the band was not studied. Other maxima could 
be located between the points studied. The writer plans to determine 
the reflection band of zinc sulphate to see if the isotopic effect is present. 

In Fig. 5, curve b, is given the reflection band as obtained from po- 
tassium sulphate. Two maxima appear at 9.1u and 9.44. The atomic 
weight of potassium is 39.10 and the two isotopes are K** and K*. That 
means that there is 19 times as much K** as K*. Since two atoms of 
potassium combine with the SO, to form the potassium sulphate, we 
would expect to find molecules with K*%.SO,, K*2SO,4, and K**K"SQ,. 
Since there are 19 K*® atoms for each K“, the ratio of the three kinds of 
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molecules will be 1 : 1/400 :1/9. So the two bands represent K**,SO, 
and K**K“SO,. The K*.SO, would have only 1/400 the intensity of the 
greatest intensity and so was not observed. 

Coblentz® also measured the reflection spectra of barium sulphate, 
strontium sulphate, and magnesium sulphate from the crystals. All of 
these sulphates had reflection bands near 94. They also had complex 
bands, showing two or three maxima. It is likely that the different 
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Fig. 5. (a) Copper sulphate, (b) potassium sulphate. 




















maxima are caused by the isotopes of barium, strontium, and magnesium. 
The different maxima could be caused by ieflection bands due to the 
different optical directions through the crystals. Since polarized light 
was not used, it is not correct to attribute these maxima to the isotopes. 
Also there is no way of obtaining the true intensity as it would vary con- 
siderably with the plane of polarization of the incident light. 

The writer is at present investigating these materials by the use of 
definite directions in the crystals. Then the isotopic effect can be ob- 
served. This method will show whether the isotopes are distributed at 
random in the crystals or have certain positions. 


UNIVERSITY OF NorTH CAROLINA, 
May 5, 1926. 
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A DYNAMICAL MODEL FOR COMPLEX ATOMS 
By J. C. SLATER 


ABSTRACT 


Following out the ideas of Hund and others on complex spectra, and of 
Goudsmit and Uhlenbeck on the spinning electron, a model for a complex atom 
is set up, consisting of electrons whose intrinsic and orbital angular momentum 
vectors act on each other with torques whose energies are proportional to the 
cosines of the angles between. The dynamical equations of this model are solved 
and the quantum conditions are applied. These agree with the quantum condi- 
tions previously set up empirically, as far as those go, but also yield new quan- 
tum numbers relating to the orientation of electrons. The formula for the 
energy in terms of the quantum numbers is set up. This is not only in qualita- 
tive agreement with what has been previously found, but it furnishes an ex- 
planation of inverted multiplets, of the fact that relativity doublets follow the 
same formula as alkali doublets but are inverted, and of the fact that doublets 
and triplets both fit on the same “relativity” doublet curve. 


"THE theory of complex spectra has recently been developed formally 

by Heisenberg,! Pauli, Hund, and others, following the original 
suggestion of Russell and Saunders* that a sum of quantum numbers 
over the valence electrons of an atom determined the multiplet structure, 
rather than the quantum numbers of a single electron. Goudsmit and 
Uhlenbeck,’ by introducing an electron with intrinsic magnetic moment 
and angular momentum, have provided partial material for a physical 
interpretation of the theory. It is the purpose of the present paper to 
go as far as possible toward setting up a model for complex atoms, guided 
by these suggestions. This model is briefly one in which the various 
angular momentum vectors which make up the atom—the intrinsic and 
the orbital angular momenta of each electron—act on each other with 
torques whose energies are proportional to the cosines of the angles 
between the vectors. The motion of such a system is investigated 
dynamically, it is shown that it is multiply periodic, at least in the cases 
used, and the quantum conditions are applied. By a discussion of these 
results it is not only possible to make the theory of complex spectra more 
concrete and physical, but we can go farther, obtaining information 
about all the quantum numbers of a complete atom, and also finding 

1 Heisenberg, Zs. f. Physik, 32, 841 (1925). 
Pauli, Zs. f. Physik, 31, 765 (1925). 
Hund, Zs. f. Physik, 33, 345; 34, 296 (1925). 
* Russell and Saunders, Astroph. J., 61, 38 (1925). 


* Uhlenbeck and Goudsmit, Naturwissenschaften, 13, 953, (1925); Zs. f. Physik, 
35, 625, (1926); Nature, 117, 264, (1926). 
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formulas for the energies of terms which explain in detail, among other 
things, the properties of inverted multiplets, and the separations of the 
x-ray doublets in their connection with alkali doublets. The dynamical 
problems are treated in Part III, and discussed with reference to the 
structure of spectra in Part IV. Part II consists of a summary of the 
results obtained in Part III, sufficient so that the mathematical details 
of Part III may be omitted without destroying the continuity of the 
paper. In Part I a short introductory account is given of some parts of 
the present theory which particularly concern the problem. 


I 


Multiplets and their classification by three quantum numbers, The terms 
of most line spectra are grouped in multiplets, i.e., sets of terms close 
together in comparison with their separation from other groups, and 
fairly regularly arranged. A classification of these multiplets has been 
developed in terms of three quantum numbers which Landé calls R, K, J. 
We shall use the same notation, although using Sommerfeld’s values of 
the quantum numbers, rather than Landé’s. Any one multiplet is denoted 
by particular values of R and K, the various lines of the same multiplet 
having different J’s. This classification is based principally on three kinds 
of information: the number of lines in the multiplet and their spacing, 














TABLE I 
©-\ glo 1 2 3 4 +» 8 {4/2 3/2 5/2 7/2 9/2 1/2| 7/K 
0 1S Singlets (R=0) 2S) Doublets (R = 1/2) 0 
1 IP; 2P, *P, 1 
2 1D, 2D. Ds; 2 
3 1F; °F; °F, 3 
0 ' 8§, Triplets (R = 1) 4S. Quartets (R=3/2) 0 
1 3P, 3P, 3P, 4P, 4P, ‘Ps; 1 
2 3p, 3D. 3D; 4D, 4D, 4D; 4D, | 
3 3F, 3F; 3F, 4F, ‘4*F; ‘Fy ‘F; 3 
0 5S Quintets (R=2) 6S; Sextets (R=5/2) 0 
1 5P, 5P, SP; 6P, SP, &P, 1 
2 5Do 5D, 5D, 5D; 5D, 6D, 6D. 6D; 6D, ®Ds 2 
3 SF, 5F, 5F; °F, °F; | °F, SF, SF, Fy SF, ®Fe 3 














the selection principle for J, and the Zeeman effect. The number R 
determines the multiplicity, K determines the designation of the multiplet 
as S, P, D, .... The information given by the three quantum numbers 
is just the same as that provided by the series formula in Russell and 
Saunders’ notation, as for example *D», where the superscript determines 
R, the letter itself, K, and the subscript, J. We use Sommerfeld’s values 
for the quantum numbers, rather than Landé’s, identifying R with 
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Sommerfeld’s j,, K with his j,, J with his 7. Thus R is 0 for a singlet, 
1/2 for a doublet, 1 for a triplet, etc. K is 0 for an S term, 1 for a P term, 
2 fora D, etc. J is the vector sum of Rand K, the parallel and antiparallel 
orientations being allowed, and all intermediate values separated by 
whole units. That is, |K+R|2J2|K—R|. These quantum numbers 
are uniformly half a unit less than Landé’s. For convenience, we give a 
table, similar to Landé’s tables, giving the quantum numbers of the 
various types of terms. In accordance with the usual custom, the suffixes 
of the terms of even multiplets are taken as J+1/2, rather than the half 
integral values of J. 

The interpretation of K. In simple spectra, the selection principle for 
K and the absolute magnitude of the terms lead us to connect K with 
the azimuthal quantum number of a single valence electron, K =0 cor- 
responding to an s electron, K=1 toa p electron, and so on. This situa- 
tion exists in the alkalies, the alkaline earths, and the earths, and in a 
few other cases, as O and Mn, in which S terms come from an excited s 
electron, P terms from a # electron, etc. We assume that an s electron 
has k=0, a ~ electron has k=1, etc., for combining purposes, so that in 
these cases K=k.‘ In more complicated spectra this is not true, as is 
shown by the numerical value of the terms (for example, vanadium has 
an F term for its normal, tightly bound term, which could not come from 
an f electron), and by the breakdown of the selection principle for K 
(K changes freely by 0, as well as +1, and sometimes even by +2, in com- 
oh spectra). For these spectra, as suggested by Russell and Saunders, 
K.is not connected with the & of a single electron, but with a sort of 
quantized vector sum over several electrons. Each electron in the atom 
is supposed to have its two quantum numbers, m and k, describing its 
orbit as in Bohr’s theory, and K is the quantized vector sum of the k’s 
of all the electrons. This rule is much simpler than the corresponding one 
in terms of Landé’s quantum numbers, and is the reason for preferring 
Sommerfeld’s. The assignment of the value zero to the & of an electron 
in an s orbit is not to be interpreted as meaning that the electron passes 
through the nucleus, but rather that when we compute the angular 
momentum for combining with others, we must usea peculiar method of 
calculation. It is to be hoped that the key to the apparent paradox may 


* We shall adopt the convention throughout of using small letters to refer to the 
quantum numbers of single electrons, and large letters to refer to quantum numbers 
connected with groups of electrons or a whole atom. Similarly we shall speak of a single 
$,p,d electron, or of an S,P,D term of the atom. This notation seems to fit in well with 
established ‘practice, and might well be generally adopted. 
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come from the matrix theory of Heisenberg, Born, and Jordan.’ In that 
theory, in which the angular momentum is calculated as a matrix from 
the matrix representing the motion, it seems very possible that a motion 
which for purposes of calculating the penetration would have the eccen- 
tricity of an s orbit on the ordinary theory, would still formally have an 
angular momentum zero. It is very significant that Pauli finds that in 
the hydrogen atom, calculated on the new theory, the s state has in fact 
an azimuthal quantum number zero, the state 1, etc., which would 
make it the same as our k. 

An immediate result of the assignment of values to is that if all the 
electrons but one in an atom are either s electrons (for which k =0) or are 
in a closed group (which we assume has zero for the sum of the k’s of the 
electrons contained in it), then K is equal to the k of the one remaining 
electron. These are the atoms mentioned above. Except in this special 
case, K has naturally no direct connection with the k of any individ ual 
electron. Its maximum value is the sum of the absolute values of the k’s 
of the electrons, and its minimum is the smallest possible vector sum of 
them. For two # electrons, for example, K can be 0 (for the antiparall el 
orientation), 1 (if the k’s are on two sides of an equilateral triangle) and 2 
(for the parallel orientation). That is, two p electrons can have S, P, 
and D terms. Three # electrons can have S, P, D, F terms. A pand ad 
can have P, D, F terms, and so on. In the case of equivalent electrons, 
however, (electrons with the same u and k), some of these orientations 
are forbidden by Pauli’s exclusion principle.’ 

The interpretation of R. The quantity R is supposed to be the quantized 
vector sum of the intrinsic angular momenta of all the electrons (that is, 
of the “spins,” if the interpretation of Uhlenbeck and Goudsmit is 
correct). We can use the letter r for the intrinsic angular momentum of a 
single electron. Then we suppose r to be 1/2 (in units of h/27) for each 
electron. If we set the vector sum of the r’s equal to R, and adopt 
the connection previously given between R and the multiplicity (R=0 
for singlet, 1/2 for doublet, 1 for triplet, etc.) we have as a result a fairly 
complete picture of the explanation of multiplicities. For an atom with a 
single valence electron, r=1/2=R, so that we have doublets (alkalies). 
With two valence electrons (alkaline earths), the two r’s have two ways 

§ Heisenberg, Zs. f. Physik, 33, 879 (1925); Born and Jordan, ibid, 34, 858 (1925); 
Dirac, Proc. Roy. Soc., 190A, 642 (1925), etc. 

* Pauli, Zs. f. Physik, 36, 336 (1926). 

7 By this we mean the principle stating that certain terms in which several electrons 
have the same value for all their quantum numbers do not occur. It is the principle 


which limits the size of electron shells and so leads to Stoner’s scheme. See Pauli, 
Zs. f. Physik. 31, 765 (1925). 
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of being quantized; viz., parallel to give R=1, or triplets, and anti- 
parallel to give R=0, singlets. The rule that, in going from one atom 
to the next, the multiplicity breaks up into the two adjoining values, is 
explained by assuming that the r of the new electron adds itself either 
parallel or antiparallel to the R of the other electrons, giving the R of 
the atom greater or less by 1/2 than that of the previous atom, and the 
multiplicity greater or less by unity. It is a natural inference from this 
that all the r’s making up R are either parallel or antiparallel to R, and 
this will be assumed throughout. It is to be noted that the exclusion 
principle applies here as well as to K, so that not all of the multiplicities 
which would be expected actually occur in groups of several equivalent 
electrons. 

The interpretation of J, and energy values. From Sommerfeld’s vector 
diagram for determining J from K and R, we see that these two vectors 
can be oriented with respect to each other in various ways, their vector 
sum being J. Combining this with the physical interpretation we have 
just found for K and R, we are led to the rather surprising conclusion 
that the r’s all set themselves parallel to each other in the same way, no 
matter how their respective k’s may be set, and that the k’s have their 
sum quantized without reference to the r’s. That is, the coupling of 
the various k’s together, or of the various r’s together, is strong compared 
with the coupling between the k’s and the r’s. This can be directly seen 
from the spectrum. Different relative orientations between K and R 
correspond to different terms of the same multiplet, which are generally 
close together, showing that little energy is required to change the 
orientation. Different values of R, on the other hand, correspond to terms 
of different multiplicity formed from the same electrons (for example, 
the triplet and singlet terms of the same quantum number in an alkaline 
earth), and these are far apart in the spectrum, pointing to a large energy 
of interaction of the various r’s. Similarly, terms of the same R but 
different K are widely separated. The large energy of interaction between 
r’s is particularly difficult to understand; for since the energy of inter- 
action between K and R is of the order of magnitude of magnetic energies 
(being responsible for the “relativity” separations), the energy between 
r’s must be large compared with any magnetic energy. Yet it is hard to 
see how the r’s, if they are at all similar to the magnetic moments of 
spinning electrons, could exert torques on each other large compared 
with their magnetic torques. This question seems to be one of the most 
serious physical difficulties with the theory of spinning electrons. It 
cannot be doubted, however, that in its essentials the picture of an r 
connected intrinsically with each electron, and separate from its orbital 
angular momentum &, is correct. 
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The energy associated with changes of J is shown by the interval 
rules to be of the form that would occur if R and K exerted torques on 
each other whose energy was proportional to the cosine of the angle 
between them. This, by the law of cosines, is (J?— R?—K?*)/2RK, which 
gives an energy proportional to J?, with the intervals between suc- 
cessive termS proportional to J, as is observed. This energy is the well 
known “relativity” amount, which is now supposed by some to come 
from the energy of interaction of an electronic spin with its orbital 
motion, a mechanism which gives the proper sign and magnitude. In 
“regular” multiplets, the sign of the effect is such that terms of large J 
are less stable, indicating a desire on the part of Rand K toset themselves 
antiparallel; that is, the energy is a positive constant times the above 
expression. The “‘inverted’’ multiplets, where the opposite state of affairs 
holds, will be shown in Part IV to fall in line with this behavior, when 
properly interpreted. The energies associated with K and R have the 
opposite sign to those associated normally with J. The atom is most 
stable when K and R are greatest. (For example, triplets with R=1 are 
more stable in the alkaline earths than singlets with R=0.) This is what 
would happen if the k’s and r’s acted on each other magnetically, although 
we have seen that this cannot be the cause of the interaction. If we regard 
the force between the k’s as coming from torques with energies propor- 
tional to the cosines of the angles between, the constants will then be 
negative. 

The need of additional quantum numbers. The three quantum numbers, 
R, K, J, do not completely classify spectral terms. Even when the 
individual quantum numbers n, k of the separate electrons are given, 
there is still ambiguity. This leads Hund, in his classification of terms of 
of the iron group, to give not only the quantum numbers of a term, but 
also those of the term of the positive ion from which it came. For example 
a ‘D term, with R=3/2, K=2, can come from the combination of an 
s electron and a *D term of the ion; but another ‘D term, with just the 
same R, K, J, might come by adding the same s electron to a °D term 
of the ion. This classification by the quantum numbers of the ionic term 
is the beginning of a process which will be discussed in more detail in this 
paper, and it is believed that in the discussion all the new quantum 
numbers which are really present are brought to light. We can see 
theoretically that there must be other quantum numbers than R, K, J; 
for the electrons of the atom have degrees of freedom that are not specified 


® For a discussion of the small changes which must be made in this formula to make 
it agree exactly with observation, see p. (316). 
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by the numbers and &, and there are generally more than four of these 
extra degrees of freedom (that is, more than enough to be specified by 
R, K, J, and M, the magnetic quantum number). Simply counting the 
degrees of freedom, however, would give more quantum numbers than 
actually prove to exist. For there are degrees of degeneracy within shells 
of equivalent electrons, as a result of which there are fewer characteristic 


frequencies, and fewer quantum numbers, than there are degrees of 
freedom. 


II 


The mechanical model. To attack the problem of the quantum numbers 
of the atom, and the determination of the energy in terms of them, we 
must solve the dynamical problem of the motion of the electrons; and in 
the section to follow we do this, using a non-classical model, which makes 
the calculation possible. The essential method is to solve the equations of 
motion directly to find the frequencies; to infer the quantum integrals; 
and to verify these by computing the energy in terms of them, and 
showing that the derivatives of the energy with respect to the assumed 
quantum integrals actually give the frequencies determined directly 
from the motion. 

As a mechanical model of the atom, we take a number of electrons, 
each moving in a central orbit, and exerting torques on each other depend- 
ing only on the angle between their angular momentum vectors, and not 
on their phase in their respective orbits. Thus for the present problem, 
each electron can be described by its orbital angular momentum vector k 
and its intrinsic angular momentum r. This is a much simpler model than 
that of electrons instantaneously influencing each other; the latter 
problem, for only two electrons and a nucleus, reduces to the astronomical 
three-body problem, whereas the former for the same case leads to a 
multiply periodic system which can be solved completely. Even in the 
case of many electrons, the simple model seems to lead to definite results 
to which quantum conditions can be applied. It is not to be supposed 
that the real motion is like the astronomical motion, and that this is an 
approximation to it; instead, the simple case itself is to be taken as 
representing in some way the real motion, and as providing an example 
of the simplicity of quantum mechanics compared with the classical 
mechanics. As a further example of this simplicity, we suppose that the 
energy of interaction of two electrons, instead of containing all Legendre 
coefficients of the angle between the angular momenta, contains only the 
first term, proportional to the cosine of the angle. These two kinds of 
simplifications—an averaging over phase constants, and a replacement 
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of a series by its first term, seem to be specially characteristic of quantum 
mechanics. 

We assume that the coupling of-k’s among themselves, or of r’s among 
themselves, is large compared with that between k’s and r’s. We have 
already seen this to hold, in practice, when the multiplets are well 
separated from each other, and it makes the mathematics much simpler. 
We also assume all the r’s to be either parallel or antiparallel to their 
resultant (with insignificant variations demanded by the dynamical 
conditions). For this case, at least, the solution of the dynamical problem 
proves to be multiply periodic. There is no obvious reason even in the 
general case to suppose that it is not. . 

Shell of equivalent electrons. In Part III, the general dynamical problem 
is first set up, using vector notation, and then the special case of a shell 
of equivalent electrons is discussed. This case is a special one because 
the constant coefficients in the expression for the torques between vectors 
become equal for all the electrons, on account of their equivalence. This 
results in the following situation: If we neglect the interaction between 
the k’s and the r’s, each system by itself of course is independent of the 
other, so that it must have a constant angular momentum (that is, K 
and R, regarded as vectors, are constant). But more than that: the only 
frequency present in either system is that of a uniform precession about 
the invariable axis. Each k precesses about K with a certain frequency 
wx which is the same for all, so that the system of k’s rotates as a rigid 
whole, without changes in relative orientation. Each r would similarly 
precess about R with a fixed frequency, except that the r’s are all assumed 
to be parallel to R, so that they merely stand still. Then the system of 
k’s can have but one quantum number, connected with this one common 
frequency wx of precession, and that is K. Any arrangement of the k’s 
is equally allowed, provided only that the vector sum of the k’s is K; 
we cannot specify their orientation more precisely. When, however, the 
interaction between the k’s and the r’s is considered, as a small per- 
turbation of this system, new frequencies are introduced and with them 
new quantum numbers. In the first place, K and R rotate with a common 
slow frequency about their sum J, so that J must be quantized, leading 
to the ordinary multiplet structure. But in addition, internal motions 
are introduced in the system of k’s, which may be described as follows. 
The k’s become divided into two classes, those whose r’s are parallel to 
R, and those whose r’s are antiparallel to R. The vector sum of the first 
may be called K’, that of the second K”’, so that the vector sum of K’ 
and K”’ is K. Then (1) K precesses about J with a frequency w,;; (2) K’ 
and K”’ remain of constant magnitude, and precess about K with a 
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common frequency wx, differing by small quantities from the original 
frequency of precession of the k’s about K; and (3) each k precesses with 
a slow frequency about either K’ or K"’, as the case may be, the frequency 
having one value wx: for the electrons precessing about K’, and another 
wx, for those precessing about K’’. Thus two new frequencies, wx: and 
wx’, are introduced, proportional to the small coupling constant between 
the r’s and the ’s, and the two new quantum numbers associated with 
them prove to be K’ and K”’ themselves. These are all the quantum 
numbers ever associated with a shell of equivalent electrons, the other 
degrees of degeneracy remaining even when the shell is coupled with 
other non-equivalent electrons. That is, there are the quantum numbers 
K’ and K”’, their vector sum quantized to give K, and the vector sum 
of K and R quantized to give J. The energy can be written in terms 
of these quantum numbers, giving complete and explicit formulas. The 
function of the new quantum numbers K’ and K”’ is largely connected 
with the interpretation of regular and inverted multiplets. 

Equivalent electrons and one other. The next problem solved is that of 
a shell of equivalent electrons, and another non-equivalent electron. 
The motion then is as follows: the equivalent k’s form a quantized sum, 
K+ (the notation indicating that they are the electrons of the positive ion 
obtained by removing the non-equivalent electron). This in turn is the 
vector sum of two quantities K+’ and K+’’, as before. Then K* and the 
k of the non-equivalent electron have a quantized sum K, and precess 
uniformly about this vector; finally, K and R precess about J . Thus the 
orientation quantum numbers of this system are K+’, K+’’, K+, K, R, and 
J. The orientations are specified as far as these numbers determine them, 
but no farther. These are the only problems discussed in detail, but they 
are sufficient for most cases met in practice. 


Ill 


Formulation of problem. The mechanical picture is of a set of angular 
momentum vectors, exerting torques on each other whose energies are 
proportional to the cosines of the angles between them. The problem 
is easily set up in vector form. Suppose that p; is one vector, and p; 
another. The torque exerted on p; by p; is proportional to the sine of 
the angle between, if the energy is proportional to the cosine. It is a 
vector, at right angles to p; and p;. That is, it can be written as a constant 
times the vector product: A;[pi:Xp,]. Taking the torque as the vector 
product of the force and the lever arm, it is readily verified that a positive 
A; means that p; is being pulled toward p;. The total torque on p; is 
then the sum of the torques from all other angular momentum vectors: 
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>-(j)AilpiXp,]. The equation of motion for p; now is simply that the 
time rate of change of the angular momentum equals the torque acting: 
dp,/dt=2(j)Aij|piXp;] = [psX2(f)A up] - 
The law of action and reaction states that the reaction of p; on pi, 
A;i{p;Xpil, is equal and opposite to the action of p; on p;, so that A 4; 
=Aj;;. The method of solution of the equations of motion is briefly this: 
to make changes to rotating coordinates, in such a way that the equations 
of motion will be d’p;/dt=[p; Xo], where w is a constant vector. For 
this corresponds to a uniform precession of p; about the axis w, with 
frequency w, and when we find that p; performs such a precession, we 
have solved for its motion, and also found the characteristic frequency, 
which is what is essentially desired. 

From the equations above, we can immediately prove that each vector 
remains of constant magnitude, and that the total angular momentum 
and energy remain constant. To prove that the magnitude of p; remains 
constant, we have 


d(p,?) dp; 


— =2p; -—- =2p; - |piX=(j)Aip;}, 
= = 2p + = 2p [piX2(j) Aci] 


which is identically zero. To prove that the total angular momentum 
is constant, we add all the equations. We have 


dp; 
2(i) = = 2(i)2(j)AsLpsXp;] 


and as the term A;,[p;Xp,] equals —A;,[p;Xp,], the terms of the double 
sum cancel in pairs, and the result is zero. Finally, the total energy is 
> (i,j)Ai(ps + p;). For a single term of this, representing the energy 
between two vectors, is proportional to the force constant acting between 
them, and to the cosine of the angle between, and it is readily verified 
that the magnitude is right. To prove the constancy of the energy, we 
first have 


d dp; dp; 
a Pi ‘Pi)=Pi: — +p;-— =pi- >(k)Ajelp;Xpi] 


dt 
+p;: S(k)AnlpiXpxl, 
and 


d 
di 2(ij)Ai(pi - pi) = 2(i)pi - Z(jk)A ik [p,Xpz| 
+ 2(j)p;- D(ik)AilpsXpe]. 


The inner double sums we have already shown to be zero, so that the 
result is zero, and the energy is constant. 
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The set of equations is so simple in form that it seems not impossible 
that general results could be obtained regarding the type of motion. 
It seems quite possible that the general motion should be multiply 
periodic, although the writer has not been able to show this. For only 
two vectors, the motion is a uniform precession of both about the total 
angular momentum, and for three vectors it is possible to show that the 
general motion has only two frequencies, but the type of proof used in 
that case is not readily applicable to systems with more vectors. The 
cases in which we shall use the problem, however, appear to be multiply 
periodic, at least to the degree of approximation used. 

Shell of equivalent electrons: special case of no coupling between Rand K. 
We assume n equivalent electrons, each consisting of a vector k and a 
vectorr. The &’s are all equal to each other, and similarly for the r’s, 
since the electrons are equivalent. Further, the force constants between 
any pair of k’s is equal to that between any other pair, and so forth. 
These special values result, as has been indicated, in very simple motion. 
Let us first neglect the interaction between the k’s and the r’s, and 
consider the system of k’s as if it were independent. Then let «x be the force 
constant between any two k’s. (In our actual case, on account of the 
stability of multiplets of large K, x would be negative.) Then the equa- 
tion for k; is dk;/dt=[k;X«>,(j¥i)k,]. The summation is supposed 
to be over all j’s except 7; but since the summation appears in a vector 
product multiplied by k;, nothing will be changed if we add k; toit. The 
sum then becomes the total vector sum of the k’s, or K. Thus dk;/dt 
=[k;XxK]. Since K is a constant vector, this represents a uniform 
precession of k; about K, with a frequency xK, which is the same for 
each k;. It is thus plain that the whole system of k’s retains a rigid 
configuration, precessing uniformly about K. The system has but one 
frequency; it is consequently highly degenerate, possessing but one 
quantum condition, that on K, the total angular momentum. We 
readily verify that this is the momentum conjugate to the angle variable 
of frequency xK, by applying Bohr’s condition that the derivative of the 
energy with respect to the momentum should give the frequency. We 
note that our “frequency” «K is really the angular velocity, or 27 times 
the frequency, and K is the angular momentum, or 1/27 times the 
quantum number. Nevertheless, the derivative of the energy with 
respect to K should give the angular velocity, and this is a simpler form 
of Bohr’s condition to use in the present case. The energy is E=x)_ (ij) 
(k; - k;), where each combination ij is to be counted only once in 
summing. But K*=(C@k) -CU@k)=L@Ok?+ ID (ki - Ki), 


where again each combination is to be counted only once. Then, since 
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each k? is constant, this gives E=xK?/2+const. Then 0E/0K =«xK, 
which is the frequency of precession already found, and this verifies our 
solution. On account of the degeneracy, the relative orientations of the 
k’s are not prescribed, further than to insure that their sum shall be K. 
In the limiting case where the r’s do not influence the k’s, the 7’s also 
form a closed system, exactly like the k’s. 

Coupling between R and K. When the interaction between the k’s and 
the r’s is put into the equations, and regarded as a small perturbing 
force, the degeneracy is partly removed. Suppose we let the torque 
between a k and the r of the same electron have a force constant wu, which 
is regarded as small compared with x, or with p, the constant of the inter- 
action of r’s. As we have seen before, yp is positive in actual cases. There 
is assumed to be no torque between the k of one electron and the r of 
another. This harmonizes with the physical picture of the torque as 
arising from the interaction between an electron’s intrinsic moment and 
its orbital motion. Then the equations of motion become 


dk,/dt=[k;X (x K+ur;) | 
dr/dt=[r;X(pR+uki)]. 


We must now introduce the assumption that the r,’s are all approximately 
parallel or antiparallel to their sum R; for otherwise these equations are 
difficult or impossible to solve. We then set r;= +r, where r is a vector 
of magnitude 34/27 in the direction of R. This holds only to the first 
order; for r; cannot be exactly parallel or antiparallel to R, but must be 
inclined by a small angle of the order of u/p. Otherwise the second equa- 
tion above would have only the term [r;Xuk;], which would be different 
for each electron, so that the r,’s could not precess with the same fre- 
quency, and hence would not remain parallel. But with a small inclina- 
tion [r;<R] will be different from zero, and can be adjusted to give the 
same precession to each r;. To the first order, however, r;= +r, which 
is parallel to R; and this is all that need be considered in the equation 
for dk;/dt. Then 


dk,/dt=[k;X(xK+ur) |. 


We first ask for the time variation of K, obtained by summing over all 
k,’s._ The first term gives zero, the vector product of K with itself. 
To write the second, we let K’ be the vector sum of those k’s which have 
positive r,’s, K’’ that of the k’s with negative r;, so that K=K’+K”’. 
Then 


d K/dt=yu|( K’— K")Xr]. 
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This is a small quantity of the order of yu, so that the variation of K is 
slow. 

The quantities K’ and K”’ are vectors of constant magnitude. To prove 
this, we write 

dK’ dK’ 4d(K") 

— =[K’X(x«K+ur)], 2K’-—-= =2K’-[K’X(«K+ur) | 

dt dt dt 
which is zero, and similarly for d(K’’)/dt. This shows that K’ and K”’ 
can properly be quantum integrals, as we have assumed them to be in 
Part II. Further, the scalar product of (K’—K’’) and K is a constant; 
for it is (K’—K’"’) - (K’+K"’)=K”—K’"”, each of which has just been 
shown to be constant. 

We shall now show that K can be written to our order of approximation 
as a sum of two terms: 


dis M _ 
K= K+—= |[Kx(K’— K”)]xr], 
«K 2 
where K is a quantity that has the equation of motion 


aK /K"— K" _ 
7 =u Kk? ) xe], 

which will shortly be shown to be a uniform precession about J. We 
prove this by computing the time rate of change of the quantity above. 
The time rate of change of the second term, the one in wu, comes only 
from the term involving d(K’—K’’)/dt, regarding r and K as constant, 
for the latter quantities have time derivatives proportional to yu, so that 
they yield terms in yw? which can be neglected. The time derivative of 
(K'—K’’) is to the first order [(K’—K’’) XK] from the equations of 
motion. Then the time rate of change of our quantity is 


K”2 es K’” i pi ee 
, (—) [Kx+]+—S I Kx [(K’—K") x«K]] xz], 


which by simple vector manipulation of the second term, using the fact 
that K and K are equal to the first order, gives just u[(K’—K"’) Xr], 
which has already been found to be dK/dt. 

The vector K is from its equation of motion a vector of contant magni- 
tude, since K - dK/di=0. Thus its magnitude can serve as a quantum 
integral, and it proves to be the K which we have spoken of before. 
It differs from K=K’+K"’ by a small quantity; hence the relative 
orientations of the vectors K’, K’’, and K suffer only slight changes. 
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The system of K’ and K”’ rotates practically uniformly with the fre- 
quency approximately xK about K, as we see from the equations of 
motion. Thus [KX(K’—K”’)], as is easily seen, is a vector at right 
angles to K, also rotating with the frequency xK, so that the term 

7 -_ = 

—||Kx(K’— K”)|Xr], 

—lRx(K'- R)) xz] 

representing the difference between K and K, isa periodic term of this 
frequency, averaging to zero. Thus K is in a sense the average of K. 
The time variation of K may, as has been indicated, be written as a 
uniform precession about J. For r=rR/R, so that 


dK K"?—K'?\ rr _ K"—K"\ ro_ 
<= = «(——) <1&xrl-1(— 5) S11, 
The last step follows because [K x K] =0,andK+R = J, to the first order. 
Thus K executes uniform precession about J, with the frequency 
K’2 _ K'”2 r 

Oy =e re ) R J 
K makes the same precession, but has superposed on it a small periodic 
motion of higher frequency. Since K+R=J,aconstant, R also precesses 
and has small periodic motions. We shall evidently simplify the problem 
by considering it in a set of rotating axes, rotating with this frequency; 
for then K and R will be constant except for periodic fluctuations. We 
shall denote derivatives in this new system by primes. We get the 
velocity of any vector p in the new system by subtracting 


K"—K"%\ ¢ 
[> xu( Ke yy] 


from its original velocity. Thus, writing K in its new form, 


d'k;/dt = E x {: R+— [ex K’— K")x K]] 


K’2— K'"2 
taur—uf Re \(E K+r)}] 


Making use of the fact that [(K’+K’’) XK] =0 to the first order, this 
may be written 


K"?— K"\\ _— 
tdtt= [nox (— Me 8 (S*")) 
Kk"? — K" (r-K)_ 
(1a 
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From this we see that 


8 - Kk" 
d' K'/dt = | ’x {(.-Fee. - K’) 12 (= ; =—))* 
K’2— K" 
te(1-—-) sf]. 


Since K and r are constant vectors in our rotating system, this represents 
a rotation of K’ about a constant axis with a frequency approximately 
xK, but with small corrections, which are not exactly constant on account 
of the term (r - K’). The magnitude of the frequency is the magnitude 
of the vector in brackets; and since this is to the first order in the direction 
of R, we make only a higher order error by saying that the magnitude 
of the vector is its component in the direction K. To find the time 
average we further take the average of (r - K’), which is approximately 


(r- K)(K’ . K)/K?. We have after a little manipulation the following 
value for this frequency: 


etn (EZ) (SR) +h 


Remembering that the resultant of R and K is J, to the first order, we 
can use the law of cosines on the triangle formed from these three vectors, 
finding 2(R - K) = J?— R?—K?, so that 


K'2— K"2 
wx=xK— -4 (= -) R?). 


This is the frequency of rotation of K’, about an axis slightly inclined to 
K. A similar procedure may be applied to the motion of K’’. It is found 
that it rotates about a slightly different axis, but with the same frequency. 
The slightly different axes of rotation of K’ and K’’ form the explanation 
of the slight fluctuations in their sum, K. 

In the rotating coordinates, then, K’ and K”’ rotate almost uniformly 
with the same frequency about fixed axes almost parallel to K. We then 
simplify the motion of any k by considering it in‘a still further set of 
rotating axes, rotating about the fixed axis K with the frequency wx; 
for in such a system K’ and K”’ are constant, except for small per- 
turbations. For the k’s comprised in K’, we then have, apart from small 
periodic fluctuations, the equation of motion 





J. C. SLATER 


(r-K) 
4. 1s ; , 
d!"k;/dt | Hx2s =x |: 


and for those in K’’ the same equation with K”’ substituted for K’. Since 
in the first case K’ is constant, in the second case K’’, these represent 
uniform precessions of the whole systems of k’s comprised in one or the 
other of K’ and K’’, about their sum, with the frequencies 


EK 
wx’ = at dk? or wx” = yt Kn , 
K? K? 


Using the value of (R - K) above,’ these are 


__# (=) ne 
"| Ue 


r (J?—R?—K? 
OK” = p— aR" 
R K? 


We thus see that the motion is described as follows: each k precesses 
with frequency wx about K’, or wx about K’’, as the case may be; 
the system of K’ and K”’ precesses with frequency wx about K; the 
system of K and R precesses with frequency w, about J. Superposed on 
these precessions are small periodic fluctuations of the same frequencies. 
This completes the discussion of the motion, except for showing that 
there is an orientation of the r,’s, all approximately parallel or anti- 
parallel to R, such that R precesses uniformly. To show this, we have 


d'r;/dt= [+ (or +uk:- <3 )] ’ 


which is to be made zero except for periodic fluctuations. The quantity 
k; rotates about K, with high frequency, so that (k;.- K)K/K? is the 
average value of k, over this high frequency. This itself, however, slowly 
changes, as k,; rotates about K’ or K’’. We may, however, put it in as a 
slowly changing vector, getting as an average over rapid fluctuations 


— oe ki K\ ow 
evsa-[noonten( et) -$ 9] 


The vector by which r; is multiplied is then a slowly varying vector. 
We may let r; be always parallel to it, which means that it would be 
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nearly parallel or antiparallel to R. The time rate of change brought 
about by this slow motion will then be of the order of yu?, and may be 
neglected. Thus this orientation is the one desired. 

Quantum conditions. We can now apply the quantum conditions to 
this problem. As has been stated, we take as quantum integrals the 
constant quantities R, K, J, K', K’’. Then we write the energy in terms 
of these, and verify the quantization by showing that the derivatives of 
the energy with respect to these give the frequencies. The energy is that 
present when the perturbations proportional to w are zero, or xK?/2 
+ pR?/2+-const., increased by the average value of the perturbing energy 
over the unperturbed orbit. The latter is the average of ud.(ks ' £3). 
This is 

oo peme )= r/K"— K'” (K-R) 
w= (R= R”) R)= «= ( - ) R). 
Using the value given previously for (R - K), we have for the total 
energy 





7 _{K'? — K""\ J?— R?— K? 
E=xK?/2+ pR2/2+urK — —— 
xK*/2 + pR*/2+ur ( ) ORE 


K2 


r (K?— kK’? 
08/23 = »— aeons RK? )s-e 


—— r (K"? — K"? 
= = — ee 2... R2) — 
0E/O8K=xK — u “( ~ ) J?— R?) =ox 


B/ aK’ =p — a) K' =ox' , 0E/8K" = —ug" . 
R K? 
Thus Bohr’s relations are satisfied, except that we see that —K’’, rather 
than K’’, is to be taken as the quantum number. This is of no physical 
significance. . 

Equivalent electrons and one other. It is assumed that there is one 
electron, with k; and 1r;, which is not equivalent to the others, k;, ri, 
+1. There is binding given by the constant x; between k, and each of 
the other equivalent k’s, and p; between 7; and the other ¢’s. Further, 
there is binding with constant mw; between k; and 7;. The constants x, 
p, and uw apply to the interactions between the equivalent electrons as 


before. The equivalent electrons are taken to have a sum Kt for 
their k’s, K+’ for those whose r’s are parallel to r, and Kt’’ for those 
whose r’s are antiparallel to R. We take into account the two cases 
where r; is parallel or antiparallel to R by a + sign, which we shall retain 
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throughout. As before, r represents a vector in the direction of R, of 
magnitude h/42. We then have the equations of motion 


dk,/dt= [k 1 X (ei. K++mir)]= [kiX («Kt mir) 
dk,/dt=[kiX(«Kt+ekitur)], 


for i~1, the + in the latter equation depending on whether k; belongs 
to K+’ or K+’’. The equations for the r’s need not be written; as before, 
by giving them slight inclinations relative to R, they can be made to stay 
together and precess uniformly. We then have, summing over the k’s, 


d K/dt=[(+mkitu( KY — K+")) Xz]. 


We shall find that the motion is as follows: K+’ and K+’’ rotate about 
K* with a fixed frequency wx,, K+ and k; rotate about K with another 
frequency wx, and finally K and r rotate about J with a slow frequency 
wy. The periodic parts of the motion of K are rather complicated, as we 
see from the equation above, involving the frequency wx, through the 
presence of the quantity (K+’— Kt’’), and wx through k;. Instead of 
trying to integrate this equation all at once, as we did in the previous 
case, we shall first find the rate of regular precession of K, and then find 
the periodic parts as we need them. The average of (K+’—Kt’’) over 
the frequency wx, is simply the component of this quantity in the 
direction of Kt,or ( (K*+’—K*’’) K+)K+/(Kt)*. The average of this over 
the frequency wx is its component in the direction K. Similarly the 
average of k, over wx is its component in the direction K. Then the 
average dK/dt becomes 


fy - K+2—K+"2) / K+. 
te ee) Ge) be 
or, if 
wolenl le) (Se) 
K? Kt? K? R 


dK/dt=|KX(ws/J)J}. Itis easily verified that w, is a constant quantity, 
so that this ig the product of K and a constant vector, in the direction of 
J, and it represents a regular precession with the frequency wy. 

If we now superpose a rotation equal and opposite to this, K will in 
the new axis make only periodic vibrations of small amplitude. The only 
vibrations of K which we need in discussing the motions of k: and Kt, 
which is conveniently done in these coordinates, are those which have 
the frequency wx; the vibrations of frequency wx+ will be in an arbitrary 
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phase with respect to the motions of k; and Kt, and will average out in 
their effect. Then we have, performing the averaging over wx, 


K+"2 — K+"2 “~ 
a’ K/at=| (+ wt+o(———) x+) xe] -[ xx J] , 


It is readily verified that the solution of this equation is 


ae se K+!2 — K+"2 
K= R+—| [ Rx} +mki+u(————) x] xr | ’ 


where K (except for the fluctuations of frequency wx,) is a constant. 
This can also be written, remembering that Kx (ki+K*t)= 0 pee 
mately, in the form 


_ (ki: r) K+’? — K+!” 
K~ KR} 1-2 (tm (= =) 
KK? 


‘ (K - P K+!2 — K+""2 
nt MinedA E> 


Now we have, substituting this value for K in the original equation, 


i'ky/dt= ( kx K(“")(4 mi a ron 


wy 
tuir— r i) , 


This represents a precession about an axis fixed in the moving system 
(since it is a linear combination of K and r), except for fluctuations of 
frequency wx,. The precession is not uniform, on account of the term 
(ki - r), which varies periodically. The average precession is found by 


taking the average value of ki, or 
ki: K) — 
(xB) 2 

K?2 


’ 


in this term. Then we get the frequency by taking the component along 
K, as before. This gives 


x= nt wf (SS *) (A) 


‘aie K+") (r - K/(Kt—k) - “(= —=)}. 
7 a we _m, K? =e 
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If we investigate the motion of K+ in a similar way, it is found to be a 
precession of the same nature, with just the same frequency, but a 
slightly different axis. 

If we now take another set of axes, precessing about the stationary K 
axis with a frequency —wx, then K* and k;, will stand still (except for 
small variations) in these coordinates. We readily see by direct computa- 
tion that K+ is of constant magnitude, except for small fluctuations. 
In this coordinate system, the problem of the motions of the individual 
k’s is essentially the same problem that we have already solved in the 
problem of a shell of equivalent electrons, and we may omit the further 
work. We can expect that in addition to K* there will be the quantum 
numbers K+’ and K*+’’, which can be shown to be constant in magnitude 
from the original equations ‘of motion, and whose vector sum K+ we 
have just seen to be constant, and we anticipate that these vectors will 
rotate with a frequency wx, about Kt. Finally, each k will rotate about 
K*’ or K+t’’ with a slow frequency. The actual computation of these 
frequencies can be made, if we desire, by differentiating the energy with 
respect to the appropriate quantum integrals. 

Quantum conditions. We are now ready to quantize the system, using 
the constant quantities J, K, R, K+, K+’, K+" as phase integrals. We 
set up the energy function in terms of these, and differentiate to check 
up Bohr’s conditions. The energy, found as in the other problems, is 


ki - 
E=xKt?/2+4:(k; - Kt) +pRt?/2+ pywRt+ nf = (r- K) 


SEV Een, 


Using the relations (R - K)=(J?—R’®—K?)/2, (Kt oe 2 (K?+K*? 
—k,*)/2, (ki - K)=(K?+k?—K**)/2, (ki - Kt) = (K*—k? — K*)/2, 
which follow by the law of cosines from various triangles, a becomes 


E=xK+?/2+x,(K?—k,2—K+2)/2+pRt?/2+ prRt 


y K?+k,2—k+? J? — R2— K? 
tug ( )\ ) 
R 22 2 
r+2 xr+"s K?+ Kt?— k,? J?— R?— K?2 
+ez ( K+? )( 2K? )( 2 ). 


This gives values of 9E/@K and 8E/dJ which, it is readily verified, are 
the values wx and w, already found. A more careful study of the motion 
than is given in this paper shows that the other mechanical frequencies 
also check with the derivatives of the energy. 
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IV 


Multiplet separations. In Parts II and III we have found the quantum 
numbers for various types of atoms, and have derived the energy formulas 
in terms of the quantum numbers. The parts of the energy formulas 
which have particular interest for the present purpose are those terms 
which involve J, and which change from one member of a multiplet to 
another. It would be valuable also to study the other terms, constant 
within a multiplet but varying from one multiplet to another, but that 
will not be attempted in the present paper. Thus we have, for a shell 
of equivalent electrons, 





K’? — K'"\ /J?— R?— K? 
town EE \(ESEA) 
K? 2RK 


and for a shell of equivalent electrons plus one other, 


K k,2— Kt? 
E= {+ mrk ( = ) 





2K? 


+ (SCS -—\\(2- 2 **) 
r ° 
. 2K? K#? 2RK 





In these formulas, yw represents the force constant between the intrinsic 
moment (7;) and the orbital moment (;) of any one of the equivalent 
electrons, so that the energy of an individual electron connected with 
this force is u(r; - k;). Similarly wu; is the force constant for the first 
electron, with 7; and k;, which is assumed to be non-equivalent to the 
others. The quantity r is the common magnitude of the intrinsic angular 
momentum of all electrons (h/47). The + sign in the second formula has 
the positive sign when the 7; of the non-equivalent electron is parallel to 
R, the negative sign when it is antiparallel. The various quantum 
numbers have been explained in Part II. It is noted that in both cases the 
energy depends on J through the term (J?— R?—K*)/2RK, or cos(R, K), 
as was indicated in Part I. 

It is of particular interest to look at the total energy separation between 
the extreme terms of a multiplet; that is, between the terms for /=R+K 
and J=|R—K|. This is found by substituting {(R+K)?—(R—K)*} or 
4RK, for the factor (J?— R?— K®) in either formula. That is, we have for 
the separation, which we may call AE, 

K’2— =) 


AE= 2urk( = 
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for a shell of equivalent electrons, and 


K?+k,— Kt? K?+ Kt?—k,2\ (K+ — K+!” 
AE=+ dur ( )+ 2urk( )( ) 
) 2K? 2K? a** 


for a shell of equivalent electrons plus one other. These formulas have 
one very important property: they do not involve the multiplicity R. 
That is to say, the separation between the extreme members of a triplet 
or quartet should be the same as for a doublet, provided uw and the 
various K’s are the same. This is undoubtedly the explanation of the 
remarkable fact that Landé® has been able to fit both doublets and 
triplets, and even an octet (Mn), onto the same “relativity doublet” 
curve. 

Examples from Spectra: Simple spectra. The results which have been 
obtained will be best brought out by a few actual illustrations. We begin 
with the alkalies. Here there is in the first place an inert gas core. This 
need not be considered in the dynamical equations; for the )k and }>r 
for it are both zero. Thus it exerts no torques of any kind on the outside 
electrons; the energy of interaction between it and the outside electron 
does not depend on the orientation, and it must act just like a spherically 
symmetrical field. Some argument of this kind is presumably the justi- 
fication of the central fields employed by Fues,!° Hartree," and others, 
with considerablesuccess, in computing term values for penetrating orbits. 
According to our ideas, the spherical symmetry should be real, not merely 
an approximation. Outside this spherical core the single electron moves, 
with its k and 7, which are equal to K and R. There are two possible 
orientations to form J, either parallel or antiparallel. We may treat this 
electron as a shell with one member. Then, since necessarily K’=K, 
K'’=0, we have the doublet separation AE =2yurK. For the case of a P 
term, K=1, giving AE=2yur. This is then the “relativity” separation. 

Next in an alkaline earth there are two electrons outside the inert gas 
shell, but one of these is normally in an s orbit. It then has k=0, and 
contributes only to R, making R=1 or 0, and giving triplets and singlets. 
We could treat this, if we chose, as one electron (the valence electron) 
outside a shell consisting of one s electron. The latter has Kt = K+’ = Kt”’ 
=0, so that K =k,, and the second term of the energy formula vanishes, 
leaving for the triplet separation 








K?+k;? 
2K? 
* Landé, Zs. f. Physik, 24, 88; 25, 46 (1924). Also Back-Landé, “Zeemaneffekt und 
Multiplettstruktur,” p. 98. 


10 Fues, Zs. f. Physik, 11, 364; 12, 1; 13, 211; 21, 265. 
1 Hartree, Proc. Camb. Phil. Soc., 21, 625 (1923). 


AE= 2urK( 


) =2uirK , 
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which for a P term gives 2yr, as before, the constant being computed 
for the excited electron. This is as found by Landé. The + sign is taken 
before 1, because in the triplet the r’s of both electrons must be parallel 
to give R=1. This problem could also be treated as a single electron, by 
our first formula; for the s electron contributes only to R, not to K, and 
we have seen that R does not affect the formula for the total separation. 
In the same way, in an earth, as Al, there are two s electrons and an 
excited one. By Pauli’s exclusion principle, these two equivalent s 
electrons form themselves into a 4S group, with }-k =)-r=0, so that they 
act like a spherically symmetrical system on the one orbital electron, 
exerting no torques, and the spectrum is like that of an alkali, again with 
relativity doublets of the excited electron. There is the one difference, 
also a result of the exclusion principle, that the normal state is a P state, 
rather than S. 

Complex spectra—normal states. Proceeding from the earths, ore comes 
to the elements with complex spectra. In the latter half of the first two 
groups of the periodic table, commencing with C and Si, we are concerned 
with the building up of a shell of p electrons, so that if one electron. is 
excited we have just our problem of one electron outside. a shell. of 
equivalent electrons. First we consider the normal states, consisting in 
each case of a shell of equivalent electrons alone. For two electrons, 
as in C, ki}=ke=1, K=0, 1, 2, and R=0, 1, so that we should have 
1S, WP, 1D, 8S, *P, *D; but the only ones allowed by the exclusion principle 
are 1S, 1D, *P. In accordance with the general rule that those terms are 
most stable for which K and R are as large as possible (that is, that x and 
p are negative), the *P is the most stable, and hence is the normal state. 
For this K=1, K’’=0 (since all electrons must have their r’s parallel 
to R to give R=1), so that K’=1=K, and the triplet separation is 
again 2urK. For three equivalent ~ electrons, as in N, the normal state 
is 4S, with of course only one term, and no separation. Next we come to 
the case of four electrons, as in O, with normal state *P. Here for the 
first time we meet ambiguity as to the values of K’ and K’’. From R=1 
we know that three electrons have their r’s parallel to R, one antiparallel, 
so that K’’=1. But the three electrons forming K’ might have K’ =0, 1, 2. 
Here we make a new assumption: that Pauli’s exclusion principle applies 
separately to K’ and K”’, in such a way that no state is allowed which 
by simply removing electrons would be changed into a forbidden state. 
Thus these three electrons must form an allowed set of three with the sum 
of their r’s equal to 3/2, and the only such is the 4S as in N, with K’=0. 
Then we have, for our *P state, AE= —2yr. This is again the relativity 
separation, but of opposite sign; it is an inverted multiplet. This is 
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observed experimentally: the inverted multiplets in this series commence 
at oxygen. The separation, being that of the very tightly bound normal 
electron, is more closely connected with the x-ray doublet separations 
than with the optical, as is observed. After oxygen, we have fluorine, 
with 5 p electrons, its normal state being *P. To make R=1/2 out of 
five r’s requires that three be parallel, two antiparallel; and by our 
hypothesis this gives K’=0, K’’=K=1. Then again AE, the doublet 
separation, is —2ur, the inverted normal doublet. Finally, the complete 
shell of six electrons has a 'S normal state, with no separation. 

Inverted multiplets, and x-ray doublets. From the previous examples, 
it is seen that inverted multiplets arise in case the term K”—K’” is 
negative. To see physically what this means, we recall that it came from 
taking the component of K’ in the direction of K, and subtracting from it 
the component of K”’ in the direction of K. This was done in computing 
the energy: we wished u)_(r; - ki), and we found it by multiplying 
u(R - K) by a sum of terms, each being the product of the component 
of r;/R in the direction R (that is, by +7/R), and the component of 
k,/K in the direction of K. The result was ur/R(R - K)>\+(k - K)/K?, 
which gave the result stated when the k,’s with the + sign were combined 
into K’, those with the — sign into K’’. Then if K’=0, so that the only 
electrons whose energy contributes to the result have their r’s anti- 
parallel to R, then when R and K are antiparallel these electrons have 
their r and k more or less parallel, with an energy of opposite sign to what 
would be expected. 

We have found above that for a shell of five p electrons, the separation 
is the “relativity’”’ separation, only inverted. This fact is the key to the 
problem of the magnitude of the x-ray doublets. The two levels of an 
L doublet are those arising from the state in which the shell of 22 electrons 
deep inside the atom has lost one electron. In considering the energy 
levels of such an atom, we need not consider the interaction of the inner 
shell with outer valence electrons, for that would be very small compared 
with the interaction between the various L electrons. Then the problem 
may be treated as a single shell of five equivalent p electrons, and we 
have just found that to give doublets of the “‘relativity’”’ amount, but 
inverted. This is in agreement with observation. 

Complex spectra—excited states. The next problem is that of an excited 
complex atom. There are in the first place states in which all electrons 
have the same quantum numbers and & as in the normal state, but 
where they are differently oriented. As an example, there would be 
1S and 'D states in carbon, above the normal *P. The separations for 
such states come from the formula for a shell of equivalent electrons. 
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In the cases mentioned above, with singlet terms, of course there is no 
separation. In the second place, there is the more important class of 
terms in which an electron is excited. Then the ion formed by removing 
the excited electron is quantized as an atom with one less electron, giving 
a resultant K+ for its k’s, and the k of the remaining electron adds to 
this, giving K++k=>K2z= |K+—k|. This is Hund’s rule for finding a term 
of an atom from a particular term of the ion, and is the justification of 
his method of connecting terms of the atom and ion. By our formula, 
the multiplet separation in such a case is computed from the separations 
for the inner system (determined by the constant yz) and that for the 
excited electron (given by w,). The quantity u;, however, becomes small 
as the total quantum number 1 of the excited electron increases, and in 
almost any case y; is rather small compared with the large u connected 
with a tightly bound electron in a shell of equivalent electrons. Thus 
the important term is the one 


K?—Kt2—k,\ (/Kt'2 — Kt+'"2 
oe (EEN (EEE, 
2K2 Kt2 





which is independent of the principal quantum number, and stays the 
same as we go up a series. Thus the terms of multiplets in these atoms do 


not converge as they approach the limits of the series, a striking fact of 
observation ; the separations come from the ions left behind, not from the 
valence electron. Such a multiplet can be either regular or inverted, 
depending principally on whether the corresponding multiplet of the ion 
is regular or inverted. 

These remarks about multiplet separations find perhaps their best 
illustration in the iron group. Here the normal states in general consist 
of a group of equivalent 3; electrons, and outside that a 4, electron and 
another excited electron. Since the 4, has k=0, it affects the problem 
only in changing the multiplicity, leaving us essentially with the problem 
of a shell plus one other electron. There are also states in which the 
inner valence electron leaves the 4; state and enters the 3; shell. In all 
these states, the multiplet separation depends largely on the 3; electrons, 
for which the force constant 4 becomes progressively larger as we pass 
through the group, and the 33 electrons become more strongly bound. 
Until the atom with five 3; electrons is reached, all the 33’s belong to 
K+’ (it might be more suitable to call it K+*+’’ in the present case, to 
indicate that it belongs to the twice ionized atom). Thus the multiplet 
separation is of the order of a relativity separation for the strongly bound 
33, and is regular. With the element manganese, we have five 3; electrons, 
forming a sort of closed sub-group with K*++’=Kt+"’=K++=0, with all 
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the r’s parallel. Outside this is the 4; electron, and the valence electron. 
The K is then simply the k, of the valence electron, and the multiplet 
separation comes from this electron alone, and is hence considerably 
smaller than in the neighboring atoms Cr and Fe, as is observed. Further, 
the factor (K?+,?>—K+*)/2K? is equal to unity, giving +2:rK for the 
separation. It is of striking significance in this connection that Landé 
finds for the octet series of Mn that the P terms show just the relativity 
separation, as they should from this formula. The regular and inverted 
multiplets are also interesting. In the octet series, all terms are regular. 
In this series, all the r’s must be parallel to R, so that our formula gives 
the + sign before the separation, predicting this fact. In the sextet series, 
on the other hand, the structure is presumably the same except that the 
r of the valence electron is oppositely oriented. This gives the negative 
sign, and inverted multiplets, as are observed in the sextets. The next 
atom beyond manganese, or iron, has six 33 electrons forming a °D for 
its important terms. This structure demands, according to our previous 
rules, that K+*+’=0, Kt+’’=2=Kt*. The ion should produce large 
multiplets again, but now they are inverted. This is observed in the 
spectrum. Similarly in all the rest of the series K++’ =0 and Kt+*’’= Kt, 
so that the multiplets all should be, and are, inverted, and of large size. 
It would be a very interesting study to try to apply these formulas in 
more detail to the multiplet separations in the iron group. 

Connection with quantum dynamics. The present calculations have 
been throughout in terms of classical dynamics, so that the results may 
be expected to be incorrect in the same way that the classical theory of 
the Zeeman effect is wrong—that is, when we have quantities of the 
nature of J?, we should doubtless have J(J+1). The proper way to find 
the correct formulas would be to attempt the solution of the dynamical 
problems in the new quantum dynamics of Heisenberg, Born, Jordan, 
and others. Failing this, we may still obtain very probable values for 
the formulas. In the first place, to satisfy the interval relations, we must 
replace the quantity J?/2, when it appears, by J(J+1)/2. Then it is 
natural to replace J?— R?—K? by J(J+1)—R(R+1)—K(K+1). But 
there is also the condition that the total multiplet separations A E must 
be independent of the multiplicity. This follows directly from the classical 
formula, but not for some forms of the quantum relation."? The simplest 


2 Heisenberg gives an energy formula for an atom of two electrons, similar in form 
to our formula for a shell and another electron, although of course it does not have the 
wide application of ours. This formula, although it is supposed to be in a quantum form, 
does not satisfy the condition just mentioned. 
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formula satisfying this condition seems to be obtained by replacing 
(J?—R?—K?*)/2RK by 
J(J+1)—R(R+1)—K(K+1) 
(2K+1)R 
J(J +1) —R(R+1)— K(K+1) 
(2R+1) K 





ifK>R 





ifK<R, 


the two formulas coinciding if K=R. By substituting J=K+R, and 
J=K-—R or R—K in these formulas, as the case may be, and subtracting 
the energies, we find the same values that we have used before. 

Limitations on solution. It has been assumed throughout that the 
interaction between the & and r of a given electron was small compared 
with the interactions between different k’s or different r’s. This does not 
always hold, and where it breaks down our solutions may be expected 
to be incomplete. If it is not true in any case, then the multiplet 
structure must be of the same order of magnitude as the separation be- 
tween different multiplets. There are two important cases of this, which 
have been discussed by various writers. In the first place, we consider 
a state of an ordinary atom in which one electron is highly excited. 
With increasing excitation, the terms must approach the terms of the 
ion, each particular term approaching a particular term in an ionic 
multiplet. Thus the quantization must gradually change from that of 
K* and k, to form K, and that with R to form J, into a quantization of 
K+ and the R* formed from the 7’s of the ion to form a J+, and this 
somehow with the & and r of the other electron to form J. This is the 
limit where the quantities x; and p;, giving the binding of the outer 
electron to the rest of the atom, become small compared with p, so that 
u can no longer be treated as the smallest constant in the problem. The 
other case is that in which the electrons are so tightly bound that yu 
becomes large—for it increases as the electrons increase their binding 
energy. This occurs toward the end of the formation of groups, as in the 
halogens and inert gases. There our analysis breaks down completely, 
and presumably new quantum numbers are introduced. This is the 
situation in neon, for example, where the terms are not arranged at all 
in well defined multiplets, but are merely spread out. The dynamical 
problem for both of these cases would be much more difficult than for 
the one treated in the present paper. 


JEFFERSON PuHysICcAL LABORATORY, 
HARVARD UNIVERSITY, 
May 24, 1926. 
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THE ROTATION OF MOLECULES 


By Davin M. DENNISON 


ABSTRACT 


On the basis of the new quantum mechanics the rotational motion of the 
following molecules has been treated from the point of view of systems involv- 
ing restraints; 1. the simple rotator in a plane, 2. the simple rotator in space 
and 3. molecules having an axis of symmetry. The quantum mechanical treat- 
ment of systems having restraints has been discussed and certain quantum con- 
ditions governing them have been obtained. The simple rotator in a plane is 
found to have an energy 

W =(m?+m-+14)h?/8x? Ma? 
and a total angular momentum 
p=(m+M)h/2z. 

The quantum number m may be whole or half numbered the corresponding 
normal states being m=o and m=—%. The simple rotator in space has an 
energy W =(m?+m-+-1)h?/8x*Ma? and the square of its total angular momen- 
tum is u?=m(m-+1)/h?/4x*. The number m must be integral and the normal 
state is m=o. Molecules having moments of inertia A = B and C are found to 
have an energy 


1 _— 1 Cyil 1\) # 
w-{(-) (mt em4t)+(— ~ — r= —(—--)}— 
A C A 2 4%XC A 83? 


and the square of their total angular momentum is again yp? =m(m-+-1)h?/4x*. 
The numbersmand n must be either both integral with normal statem=n=0,or 
both half integral with normal state m =1/2, n= +1/2. The differences between 
these two solutions which may be expected to appear in the observed infra-red 
spectra are discussed. For all three examples the quantum theoretical ampli- 
tudes giving the transition probabilities have been obtained. 


UITE recently a new theory of quantum mechanics has been put 
forward by Heisenberg! and somewhat later developed further by 
himself and others.?, According to this new theory the coordinates of a 
multiply periodic system which may be expressed classically by means 
of multiple Fourier series in the time, are to be replaced by infinite 
matrices of the Hermite type of which each member is a harmonic 
component in the time. The operations to be used in finding the solution 
from the equations of motion must be deduced from the algebra of infinite 
matrices and accordingly are of a different nature from those ordinarily 
employed in classical mechanics. In Heisenberg’s original paper, he 
applied the theory to the system of a particle moving in a plane at a 
1 W. Heisenberg, Zeits f. Physik, 33, 879 (1925). | 
[2 M. Born and P. Jordan, Zeits. f. Physik, 34, 858, (1925); W. Heisenberg, M. Born 


and P. Jordan, ibid., 35, 557, (1926); P. Dirac, Proc. Roy. Soc. 109A, 642; 110A, 561 
(1925). 
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fixed distance from a center and the purpose of the present note is to 
extend this application to the case of a particle moving in space at a 
fixed distance from a center and to the motion of molecules having an 
axis of symmetry. 


1. THE EFFECT OF KINEMATICAL RESTRICTIONS 


The writers cited above have examined the problem of a multiply 
periodic system of s degrees of freedom which is describable by means 
of s matrix-coordinates gi, g2,°**@s, and their conjugate momenta 
Pi, P2, * * - Ps. It has been shown that the most general sort of differentia- 
tion consistent with matrix algebra is dx/dv = xa —ax where a is a matrix. 
In particular if @ is the energy, the differentiation is with respect to the 
time, so that 

Wx—-xW= = x 
wi 
It is assumed that the energy function W is the same function of the 
Cartesian coordinates as in the classical theory. 
The quantum conditions are taken to have the following form, 


Ords— 989r = 0 
PrP —Dpis = 0 


h 


PrQr— OePr= Ini 


Pr9s—Jepr=9 (s¥r) 


These quantum conditions might have been derived by transcribing 
the properties of the classical Poisson brackets by means of the cor- 
respondence principle as has been shown by Kramers*® and Dirac.* 
According to this transcription the expression xy—yx corresponds to 
th/2m times the Poisson bracket expression [xy] of the classical theories 
where the canonical variables J, and w,, with respect to which the 
differentiations are to be made, form a set of angle or uniformizing 
variables of the kind appearing in the theory of multiply periodic systems. 
Consequently we have 


a J Ox dy dy a= 
xy— yur — — - — III 
oe : aJ, dw, ad, 


If the x and y are two of a set of canonical variables describing the 
system, the expression [x}] will have the value 1 or 0 according as x and y 


3H. A. Kramers, Physica 11 and 12, 369, (1925). 
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form a canonically conjugate pair or not. The relations II are thus 
seen to form the quantum theory transcription of the properties of the 
Poisson brackets. 

In considering the case of a rigid molecule it has been found very 
convenient to take as coordinates the Cartesian coordinates of each 
mass particle and to further describe the molecule by means of a series 
of restraints between the particles. The energy expression in these 
coordinates becomes particularly simple but the difficulty arises that the 
system is no longer free and hence the quantum conditions II can not 
be directly applied. There appear to be two ways of approach to the 
problem. We may assume that the particles are not rigidly bound 
together but may execute small vibrations about their equilibrium 
positions. The system is now free and may be treated by the use of 
the foregoing assumptions and the resulting solution examined in the 
limit where the amplitudes of vibration become very small. This process 
presents no difficulties when the number of particles is small but seems 
to become very complicated for a large number of particles. The second 
method consists in treating the system from the first as non-free and in ° 
attempting to find a set of quantum conditions, analogous to the relations 
II which will be suitable for a description of the problem. I wish to make 
acknowledgment to Dr. H. A. Kramers for the proof of the following 
theorem which consists essentially of finding certain relations between 
the classical Poisson bracket expressions and transcribing these results 
into quantum mechanics by means of assumption III. 

Let us consider a system of s degrees of freedom which, however, is 
described by means of ¢ Cartesian coordinates, qi, - ~~: °° *» Qe 
Gest, °° Qe ** Oe 

We suppose that the kinematical relations are such that the t—s 
coordinates g.41, - - - g: are expressed as functions of the remaining s 
coordinates. 


qe=f*(q1, 92; sda. » Ga) (1) 


The system may thus be considered free in the qi, - - - gs generalized 
coordinates and, supposing there to exist a set of uniformizing variables, 
we have classically [g,q.]=0 which may be directly transcribed into the 
quantum theory relation, 


YeGe— Joqp=9 (2) 


where g, and g, are both included in the s coordinates. It is clear that 
(2) holds for any pair of coordinates, since the free coordinates qi, - - * Ye 
can be chosen arbitrarily. 
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We shall now make an assumption which will apply to the particular 
systems to be considered in this article, namely that the kinetic energy 
is a linear function of the squares of the time derivatives of the coordi- 
nates g:1,:-~°,Q- By substituting from (1) and writing f* for af*/dq, 
we obtain 


T= 3 Domain =} Limirt+4 Seal Lyf, q,)? 


(3) 


The momentum #, to be conjugated with gq, is found by differentiating 
the kinetic energy, so that 


oT 
P= —=m,q,+ Smif, qk 


oq, s+1 
The system may be considered as free in the coordinates qi, + --, Qs 
and p:,---,, and we may apply the classical formula [p,q,]=1 
(p=1, 2,---s). Remembering that [f} g,] is zero since f, is a function 
of gi, - - - , dg, only, we find, 





i= [Pode] =m, [9090]+. Lmif," [9246] 


Ls+1 


We now sum p from 1 tos and simplify the result by means of relation (3). 


em De) - Sm, [isl + > Smif! [7x9] 


1 s+1 


- om, [¢-90]+ Sm [qege 


= om, [9290] 


If we now take the transcription III to be valid, we have shown that for 
a system of the sort considered here, with s degrees of freedom but 
described by ¢ Cartesian coordinates, one of the quantum conditions has 
the form, 

sh 


mi 


= Lime (qete— ele) (4) 


One further set of conditions may be found by differentiating the 
equation (2) by means of I. 
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Thus if 


Geo —Jo9p =9 
it follows that 


(qe4o— oe) - (Go4e— Gor) (5) 
In considering the problem of particular molecular rotators involving 
restraints, we will present solutions which besides satisfying the energy 
equation and the conditions of restraint, will also satisfy equations (I), 
(2) and (4). These solutions are constructed so as to bear that resem- 
blance to the classical solutions which is demanded by the correspondence 
principle. While we may expect that the conditions which we shall take 
as the basis for our computations are necessary, they are certainly not 
in all cases sufficient. Thus it may be proved that the conditions will not 
change if the system is placed in a weak external field, a circumstance of 
which we will make use later. The first two of the following examples 
have also been treated by the method of small vibrations and the solu- 
tions have been found to agree, as regards the rotational properties, with 
the results obtained by using the conditions which have just been derived 
for systems involving restraints. 


2. THE SIMPLE ROTATOR IN Two DIMENSIONS 


The motion of a particle rotating in a plane at a fixed distance from a 
fixed center has been already considered by Heisenberg in his original 
article.' We wish, however, briefly to reconsider the problem from the 
point of view of a system involving a restraint. Denoting by x,y the 
Cartesian coordinates of the particle, we may take for the energy function 


W=3M(2*+y*) (6) 
The kinematical relation can be written in the form 
at=at+y? (7) 
and the quantum conditions (2) and (4) become simply 


xy— yx=0 (8) 


: is . k 
M(xx—xx+yy— yy) = — (9) 
211i 


In the classical treatment of the plane rotator it is found, as is well 
known, that x and y are purely harmonic in the time. In complete 
analogy to this it may be shown that the above quantum equations are 
satisfied by Hermite matrices for x and y of the following type: 
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x:—ty : Ba-yettomnt 


The conditions (7) and (8) are satisfied providing the amplitude B*_, 
is constant and equal to a/2. The introduction of the matrices represent- 
ing x and y into Eq. (9) leads to the following condition for the frequency, 


m+1 m h ~ 


==@ 
m m—1 or 


Ma*(w 


_ a =mh/2xMa? 


where the quantum number m may have any set of values, not necessarily 
integral. By substituting the matrices into the energy function (6) we 


obtain 
h2 


_— 2 a 

W=(m +m+9) a (10) 
A solution to the problem has now been found, with the exception of 
the determination of the normal state. From the form of the energy 
function it is easily seen that for any value of m between 0 and —1, the 
system cannot radiate spontaneously. This arises not from the vanishing 
of either the amplitude or frequency but from the fact that when m has 
a value between 0 and —1 transitions to a lower state cannot occur since 
no states of lower energy exist, the energy function having a minimum 
at the point m=—4. Although any state between m=0 and m=—1 
may be taken as the normal state it seems preferable from reasons of 
symmetry to consider only the two following possibilities which have the 
property that to each positive value of m, there exists a negative value 

for which the energy is the same: 


a) m=0 or —1 


b) m=-}. 


Any two states m, and mz for which m,+m,= —1, have identical energy 
values and, in analogy with the classical theory, may be supposed to 
differ only in the direction of their rotations. From this viewpoint the 
choice (a) involves two normal states, one for right-hand and one for 
left-hand rotation with no possibility of radiative transitions between 
the two. On the other hand the state m= —} is a normal state which is 
common to rotations of both senses. 

For the angular momentum of the system we may introduce the 
expression 








324 DAVID M. DENNISON 


u=(ty—jx)M=(yt—29)M, (11) 
where the equality between the latter expressions may easily be seen 
from Eq. (5). By making use of the kinematical relation (7) and the 
laws of interchange (8) and (9) we may derive the following relation, 


p?=2Ma?W — 





6x? 

The value for uv in the mth state is thus (m+4)h/27 a result which might 
also have been found by directly substituting the matrices into the 
expression (11). 


3. THE SIMPLE ROTATOR IN THREE DIMENSIONS 


Letting x, y, 2 be the Cartesian coordinates of the particle we shall 
take as before the classical expressions, representing the energy of the 
system and the kinematical restraint, respectively, 


M 

=> (e+5+2), (12) 
a? = x2+ y?-+22, (13) 
The conditions of interchange as determined from Eqs. (2) and (4) are 
LY— yx=xz—sx= yz—szy=0, (14) 

, eo i oe 2h 
M(xx—xx+yy—yy+22—22) = rh (15) 

mt 


The system as thus far described is degenerate but we shall assume 
that this degeneracy is removed by the existence of a weak external 
field along the z-direction about which the rotator precesses uniformly. 
In complete analogy with the classical solution of the problem, it has been 
found that the following matrices representing the coordinates x, y, z 
form a solution to the quantum theory problem: 


m o ite™ wl 
z:B e mle 
m—loe 
im * tie™ © 
2:—iy: B * e miet, B™ © ¢  mtett 
m—1 o—1 , m—1 o+1 


The following expressions for the amplitudes which are in reality certain 
of the Kronig factors‘ have been found to satisfy Eqs. (13) and (14). 


*R. de L. Kronig, Zeits f. Physik. 31, 885, (1925); see also A. Sommerfeld, und H. 
Hénl, Ber. Berlin. Akad. 9, 141 (1925) and H. N. Russell, Nature, 115, 835 (1925). 
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gia _-@ (m+o)(m—<) 

m—le 4 m?—4 mn 
. « . & (mte)(mto-1) ( 
m—1 oF 1 = 16 m?—} 


As is well known the numbers m and o must be taken either both 
integral or both half integral in order to insure that the amplitudes will 
vanish for transitions to non-existing states, that is, to states in which 
|o | is greater than m, where m is taken as positive. The statistical weight 
of the mth state or the number of ways in which the mth state can be 
realized is evidently equal to 2m+ 1. 

It is possible to define quantities BR; which do not contain o by 
the formulas, 








2B _ B’m o 2B m ¢ +2B = ¢ =72 = 
m—1 al m—1 ~ m—1 ¢—1 m—1 o+1 —— 2m a 1 ' 
m+1 
2B = Bim «42pm + 42pm 6 ag @th | 
m+1 mt+loe m+1 o¢—1 m+1 o+1 2m+ 1 


These relations are seen to correspond to the summation rules of Burger 
and Dorgelo.’ The quantities BY, can be considered as a measure for 
the amplitudes of the oscillators conjugated with transitions in the 
original degenerate system. It is interesting to note that for the de- 
generate system B™,; is not equal to Bm’ but their ratio 2m+3/ 
2m-+-1 is equal to the ratio of the statistical weights of the states m+1 
and m, as must be expected. 

By introducing the matrices representing the coordinates into ex- 
pression (15) we find conditions governing the frequencies of the system. 
Neglecting the difference in the frequencies due to the external field we 
have, 


m ¢ m ¢ mh 


@ = @ => ’ 
m—l¢e m—1 ot1 2a Ma? 





Substituting in (12) we obtain for the energy of the system 


8x? Ma> 





W =(m*+m-+ 1) (17) 


neglecting again the terms involving the small frequency of precession. 
The values which m may assume have already been limited by the 
amplitude expressions to either integral or half integral numbers and the 


* H. C. Burger and H. B. Dorgelo, Zeits. f. Phys. 23, 258 (1924). 
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following possibilities present themselves for the normal state of the 


system. 
a) m=0 or —1 


b) m=-—3 


Of these, the first alone leads to a consistent system. In fact with the 
latter possibility the amplitudes of such transitions as BY; ~ would 
become infinite although the corresponding frequencies do not disappear. 
It is to be noticed that the states m=0 and m= -—1, or in general any 
two states for which m,+m,= —1, are identical. 
For the components of angular momentum we introduce the ex- 

pressions 

be=XY—Yux=yk— xX, 

My = 2x—X2= xZ—2K, 

z= Je—sy=2y— yé, 
where the equality between the second and third members of the ex- 
pressions may immediately be seen from Eq. (5). The square of the total 
angular momentum of the system is given by 


wpe? py? +n". (18) 


The components of angular momentum may be determined by sub- 
stituting the matrices representing the coordinates into the above 
expressions and it is found that the angular momentum in the z direction 
uw, is a diagonal matrix whose terms are equal to oh/27. On the other 
hand, wz and py are not diagonal but are periodic in the frequency 
Wms—1 induced by the presence of the external field. The square of 
the total angular momentum is, however, given by a diagonal matrix 


whose terms are 
2 


San 
u?= m (m+1) — 
4r? 
This expression satisfies the general relation between angular momentum 


and energy, 
2 


2=2Ma°W — — 
” 4r? 
which can be found directly by substituting the general expressions for 
angular momenta in (18) and simplifying by means of (12), (13), (14) 
and (15). 


4. THE SYMMETRICAL ROTATOR 


In the present section we shall consider the rotational motion of a 
molecule possessing an axis of symmetry. 
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Let there be a system of K mass particles, m, mz --~- my, whose 
positions are fixed relative to a set of rectangular coordinate axes a, b, c, 
free to move with the particles, whose origin lies at the center of gravity 
of the system. The position of the jth particle relative to these axes 
shall be a;, b;, c;. We define the symmetry of the system by supposing 
the particles to have the following distribution, 


k 
om; (a;*+ b;*)=C 
1 


k k 
Dm; (a+ c*) = Di m;(b2+¢;2)=A 
1 1 


k k k 
Dom jaj= Dy mjb;= Dimjcj;=0 
1 1 1 


Let the Cartesian coordinates in space of the jth particle be x;, yj, 2;. 
On the basis of the new quantum mechanics, these coordinates must be 
considered as matrices in terms of which the following equations give 
the energy, kinematical relations and laws of interchange for the system. 
= fre 
W= dy > Get att ti) (19) 
1 

HP+ VP 2;*= a+ b+ c;? (20) 
(x3— %4)?+ (yi— 9s)? + (85-2)? = (@;— 05)? + (05-93)? +(C;— 4)? (21) 
¥ jX§— MX i= Vi Vi— Viy j= 2 ji — 352 5= 


é; (22) 
XjVi— Vik j= X Bi —2iX j= Y ~i—2iy =O 


for all values of 7 and 7 including i =j. 
~ * * * * . . 3h 
Lim (x 5x j— xk; +559;—¥i9 +42;-2;2) = rw (23) 
1 


According to the classical theory solution of the free motion of a 
symmetrical rotator, the body rotates about the C-axis with a constant 
frequency w, (later to be associated with changes of the quantum num- 
ber ), and the C-axis performs a uniform precession about the axis of 
total angular momentum with a frequency Wm. In the presence of a 
weak external magnetic field the axis of total angular momentum may be 
supposed to precess uniformly about the field axis with frequency @,. 

In close analogy with the classical solution for the coordinates of the 
particles as functions of the time, it has been found that matrices of the 
following type will satisfy Eqs. (19) to (23). The z-axis has been taken 
parallel to the direction of the external field. 
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2." ne :,,.mne 
m noe tte 


. mne thw 
mine (a;+ib;)B e male 
mn—l|e 


m—ino 
7 mnie 


thw 
" * @ m-intle 


(a;4 ib) B™ 


m—intle 


“ ~ i * # B” no ilw seont 
Rei Uzi Cj ee = 
i hed Dal 96§m sents 


mm ne 


. ae « ite™* ¢ 
(a;+1b,)B e mn—iotl 


mn—let1 


:b )B” n ¢ itw™ Pe Saae 
a; 1 : € m—in-—i¢g 
(a;+1; m—1n—lot1 

~_ mnie 


thw 
© e m—in+lot1 


(a;—1ib;)B 


m—int+let1 


where the B’s are the same for all the particles. The following set of 
values for the amplitudes satisfies the kinematical relations (20) and 
(21), as well as the laws of interchange (22). It will be seen that in the 
region of large quantum numbers, these amplitudes degenerate into the 
classical amplitudes as they must do if they are to be in accord with the 
correspondence principle. 
Bimne = _(o*) (n*) (n*) 
mne m2 (m+1)? 
pin ne Limte)(m—0)] [(m+n)(m—n)] 
m—lno 4m?(m?— +) 
ginn eo Lot] [ntn)(m—n+1)] 
mn—lo 4m?(m-+-1)?° 
2g Umteo)(m—o)] [(mtn)(mtn—1)] 
m—inFle aa 16m?(m?—}4) 
pinne —___Lmteo)(m—o+1)] [n?] 
mno—l 4m?(m+ 1)? 
“Pa [(m+0)(m+a—1)] [(m+n)(m—n) | 
m—lnoFl a 16m?(m?—}) 
pinn ce = Lmte)(mBo+1)] [(m+n)(m—n+1)] 
—- mn—loFl 16m?(m+ 1)? 
_ [(mte)(m+o—1)] [(m+n)(m+n—1)] 
64m*(m?—}) 
_ F_ [(mto)(mto—1)] [(m—n)(m—n-1)] 
m—Intlezl 64m?(m?— 4) 
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These amplitudes are closely analogous to the intensity formulas 
deduced by Kronig* by the use of the summation rules and the cor- 
respondence principle, for the Zeeman components of multiplet lines. 
While the number m may always be taken as positive, the numbers n 
and @ will take both positive and negative values and are restricted only 
by the rules of structure which for positive m take the form |n| =m, 
lo| sm. A consequence of the condition that there shall exist no tran- 
sitions to states forbidden by the structure rules is that the numbers 
m,n and o must either be all integral or all half integral. 

A set of amplitudes may be found with the aid of the summation rules 
which do not involve ¢ and which may be thought of as the mean ampli- 
tudes corresponding to the original degenerate system in the absence of 
an external field. Thus for example 


—1 
2B" seg = BR ® *42B™ niog@ +2B" n ¢ _ (m+n) (m+n ) 
m—in—1 m—in—-le m—ln—lo—1 m—l1n—lo+1 4m(2m-+-1) 





The following are the values of the remaining amplitudes which are 
equivalent in form to the intensity formulas developed by London and 
Hénl® for diatomic molecules having a resultant electronic momentum 
_along the axis of figure. 


2 n? 
Bm ion 
oe m (m+ 1) 
; (m+n) (m—n) 
m—In 2m(2m-+- 1) 
- (m+n+1) (m—n-+1) 
=tie 2(m+ 1)(2m+1) 
a (m+n) (mF n+1) 
a 4m(m-+-1) 
z (m+n) (mtn—1) 
~—- Sm(2m-+1) 
2 (min+1) (m+n+2) 
B™ n = 
mtintl 8(m+1)(2m+1) 

















Substituting the matrices representing the coordinates into Eq. (23) 
it is found that the periodic terms of this condition vanish and that the 
constant term becomes independent of the quantum numbers providing 


* London and Hénl, Zeits f. Phys. 33, 803 (1925). 
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the frequencies have the following form, where a, 8, c and w, are con- 
stants. 


ee am+B(n-+c) F ws 
"e-tettchi am — B(n+1-+c) F we 


B(nm+c) etc. 


mn—loe 


The constant term of (23) gives rise to the relation between a and 8, 


(24+ C)a+Cp= (26) 
2 

It is not surprising to find that the frequency of precession in the external 
field wyn.-1 is a constant independent of the quantum numbers since 
a solution for the amplitudes has been presented which does not depend 
upon the strength of the external field. It must be remembered that the 
matrix solution which we have given is constructed so as to bear a 
resemblance to the classical theory solution in which it was assumed 
that the precession in the external field possessed a constant frequency. 
A nearer determination of the constants a, 8, and c may be made 
through the use of the frequency condition. When the amplitudes and 
frequencies as thus far obtained are substituted into the energy expression 
(19) it is found that W is a diagonal matrix whose constant terms may 
be written as follows, neglecting quantities of higher order than the first 

in the precession frequency. 


A, C 2m?+ 2m —2n? 
W= (. - few tmt 1—n?)a? +( TAWe )} 


m2+m 





Cc at 
° 7 (ms-+a0-+2-+-96°) ra ((n+c)?+n+c+§) 6? 


2 2 2n?+2 
+ (2n(no)+n-+1) 09+ ("7 a )ow.t 


Qa 
m*-+-m m?-+-m 
By now applying the frequency condition, we may obtain a number 


of relations leading to a determination of the constants. For example, 


o 2r 
=am+B(n+c)+w, = > (Wes — W™-1,2-1,0-1) 


m—1n—lo—1 


The values of a and 8 found in this way satisfy relation (26). It is interest- 
ing to note that the constant c is fixed only by those terms in the energy 
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expression which involve w,, and thus this method would not lead to a 
determination of c for the degenerate system in the absence of an external 
field. When the constants have been determined in the above manner 
the frequencies and energy of the system have the following values, 
where for shortness we neglect the frequency due to the presence of the 
external field. 


chee 3) a 
ot ta(2ytt= (4-4) 
= 7 1 ys 
ae 
wof(s)orvmee (S3) eo se-(E- 2) hem 


It is interesting to notice that the energy of an isotropic rotator falls 
into a natural sequence with the energies of the simple rotator in a plane 
and in space. (Compare Eqs. (10) and a In fact, if A=C 


W=(m?+m+-) — 

( ? 8x24 
The angular momenta of the system may be computed in a manner 
entirely similar to that employed for the simple rotator in space, with 
the exception that a summation must be made over all the particles. Thus, 


k k 
Ms=), MALjj—Fjx) = Dy mA yej— 4) 
1 1 


A computation shows that the angular momentum along the direction 
of the external field may be represented by a diagonal matrix whose 
constant terms are, 
oh 
Bs = — 
a 
The square of the total angular momentum is also a diagonal matrix and 


is found equal to, 
2 


MP=pe?t my? t+ w= m(m-+ 1) oe 
4? 


This value is the same as that which has been found quite generally by 
Born, Jordan and Heisenberg? for the angular momentum of a system 
of particles exerting central forces upon each other. - 
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Let us now consider what normal states may be associated with the 
system. If we take the quantum numbers m, n and ¢ to be all integral, 
it is noticed that no transitions to lower energy states can occur from 
the state, 

a) m=n=c=0 


and it remains only to assure ourselves that none of the amplitudes from 
this state become infinite or imaginary. Upon direct substitution into 
the amplitude functions (24), some of the expressions become indeter- 
minate. When, however, we go back to the Eqs. (20), (21) and (22) 
which the amplitudes must satisfy, a calculation shows that the in- 
determinate amplitudes, as for example B{{°, have actually the 
value zero and hence we may conclude that, with m, n and o whole num- 
bered, we obtain a consistent system of stationary states, the normal 
state of which is (a). 

If we use half integral numbers for m, n and ¢@, it is found that a normal 
state exists for which the quantum numbers have the values , 


b) m=3, n=+4, c=— 


Some of the amplitude expressions from this state also become _ in- 
determinate but reference to the Eqs. (20), (21) and (22) suffices to fix 
their values. It is found that none of them become infinite or imaginary 
and that the amplitudes of transitions to states forbidden by the structure 
rules vanish as well as all the amplitudes to states where m has the 
value —}. 

We have thus been led to two different solutions to the problem and 
until further evidence presents itself we may suppose either or both to 
occur in nature. The experimentally observed spectrum of a symmetrical 
molecule should show certain differences which would determine the 
normal state to be chosen. For example if we consider the vibration 
rotation spectrum using solution (a) the series of lines depending only 
on the number m (i.e., w,-1, ) will have one missing line in the center 
of the band, while the lines depending only upon 1 (i.e., wy s—1) will 
have no missing line. The lines are symmetrical about the center of the 
band yo, but no line of these two series falls directly upon 7». 

In the case of solution (b), the series of lines depending upon m has 
two missing lines whereas the m series has again no missing line. The lines 
of these series are symmetrical about vo and the line|m=m|—|m=m | 

In =3| |n=—3| 
falls upon the center of the band vo. This last transition will not occur 
in the pure rotation band, because its frequency is zero but there seems 
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no reason to exclude it from the vibration rotation band since the cor- 
responding amplitude does not vanish. It is interesting to note that two 
states differing only in the sign of the quantum number 2, although 
dynamically equivalent, will in general differ in a kinematical respect 
since they correspond to opposite senses of rotation about the symmetry 
axis of the molecule. 

We have shown that, in the case of the simple rotator in space, the 
normal state is given by m=0 and hence the fine structure lines in the 
vibration rotation spectrum will have a gap of one missing line at the 
center of the band. In the classical theory the frequency of precession 
wm of the symmetrical rotator corresponds to the single frequency of the 
simple rotator and degenerates into it when the moment of inertia C 
vanishes. In the new quantum mechanics the frequency w,-1, of the 
symmetrical rotator does correspond with the frequency w,-, of the 
simple rotator in having the same number of missing lines at the center 
of the band providing we use the solution (a) for the former, but does not 
correspond if we use (b). This is perhaps not surprising since in solution 
(a) the part of the rotational energy depending upon the number n 
becomes a minimum when n=0 and presumably corresponds to zero 
rotation about the symmetry axis thus providing a rather simple de- 
generation of the symmetrical rotator into the simple rotator when the 
moment of inertia C becomes very small. 

The writer wishes to express his sincere thanks to Professor N. Bohr 
and Dr. H. A. Kramers for their constant interest and helpful criti- 
cism. He wishes also to express his appreciation of a stipend from the 
International Education Board which has enabled him to carry on this 
work in Copenhagen. 
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AN APPLICATION OF PAULI’S METHOD OF COORDINATION 
TO ATOMS HAVING FOUR MAGNETIC PARTS 


By G. BreItT 


ABSTRACT 


It is shown that the origin of spectral terms of an arc spectrum obtained 
by adding a highly excited electron to a certain term of the spark may be under- 
stood in terms of an application of the principle of mechanical transformability 
made by Pauli. According to this application it is sufficient to know (a) the 
strong and weak field magnetic quantum numbers of a level (b) which of the 
two vectors r or k is the faster in a magnetic field (c) whether the term is 
inverted or not in order to tell the value of 7 belonging to that level. The 
derivation of Pauli’s results is based on sufficiently general principles to enable 
one to apply it to the Pauli-Hund method of tracing spectral terms. The 
possible groupings of the j,’s or the j,’s are discussed and it is shown that 
Pauli’s principle is valid here also. 


AULI has shown that Ehrenfest’s principle of mechanical trans- 

formability requires a definite arrangement of the magnetic orienta- 
tions of the core and the electron into groups, each of the groups cor- 
responding to a definite value of the inner quantum number j. This 
enables him to predict, from a knowledge of the strong and weak mag- 
netic quantum numbers of a level, the value of the inner quantum 
number belonging to that level. It has been shown by Russel and 
Saunders, Pauli, Heisenberg, Goudsmit and Hund! that spectral terms in 
the periodic system can be predicted by adding the weak and strong 
magnetic quantum numbers of the constituent electrons. However, the 
origin of the particular magnetic sublevels of a term is not always clear. 
Hund has treated this point and has shown that the knowledge of the 
spark spectrum enables one to restrict the possibilities to a certain extent. 
It is shown below that Hund’s coordination is logically connected with 
Pauli’s and that by extending the latter, one may trace the origin of 
the terms. 

The essential points of Pauli’s theoretical reasoning are as follows. 
He considers an atom consisting of two magnetic parts to which he refers 
as the’ ‘core’ (Rumpf) and the electron. The angular momentum of the 

1S. Goudsmit, Zeits. f. Physik, 32, 794 (1925), 

F. Hund, Zeits. f. Physik, 34, 296 (1925); 33, 345 (1925); 
W. Heisenberg, Zeits. f. Physik, 32, 345 (1925), 
W. Pauli, Zeits. f. Physik, 31, 765 (1925), ; 
H. N. Russell and F. A. Saunders, Astrophys. J. 61, 38 (1925), 
W. Pauli, Zeits. f. Physik, 20, 371(1923), 
also for detailed summary, H. N. Russell and O. Laporte, J. Opt. Soc. July, 1926. 
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first he calls r and of the second k. In a strong magnetic field r and k are 
orientated in the field independently of each other and each of them 
describes a circular cone around the direction of the applied field. There- 
fore in a strong field the state of the atom must be specified in addition 
to its ordinary quantum numbers also by two new ones giving the com- 
ponents of r and k along H. These components when expressed in 
h/2zm units are called m, and m,. If the external field is weakened the 
Zeeman level represented by (mm, m,) changes into another permissible 
quantum state in accordance with the principle of mechanical trans- 
formability. However, for weak fields r and k no longer describe circular 
cones around H. The angle between r and k remains fixed in very weak 
fields. To a good approximation both r and k may be said to precess 
around their resultant 7 which in turn precesses around H. Pauli shows 
that as the field H is weakened the Zeeman level specified in a strong 
field by (m,, m,) is transformed adiabatically into a Zeeman level having 
the “weak” magnetic quantum number m=m,-+™m, and a definite inner 
quantum number j which is obtained most easily by means of a graphical 
representation of Pauli’s results as follows. 
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Fig. 1. Typical coordinations in multiplets. 


We plot the quantity m, which represents the component of the 
angular momentum of the electron along the magnetic field in units 
h/2m as abscissas and m, which gives the component of the angular 
momentum of the core as ordinates. Both are taken in a strong field. 
We represent some typical cases. The dotted lines in these pictures 
separate the Zeeman levels which unite into one 7 level in a weak field in 

accordance with Pauli’s results for the case of j*, i.e., for regular terms. 
_ If the terms are inverted the dotted coordination lines are obtained by 
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reflecting the lines drawn in the origin m,=m,=0. These pictures do not 
contain anything new but give simply a diagrammatic representation 
of Pauli’s assignment of (m,,m,) to a given pair of values (j,m) in a 
Zeeman level. 

According to Pauli and Hund if there should be two electrons one of 
which has by itself values (r:, k:) and the other (72,42) we must consider 
the results of independent addition of 7; and rz and also those of the 
addition of k; and ke. Thus two alkali electrons having r:=}, r2=} can 
add themselves to a resultant r=7;+r2=1 or to a r=r—f2=3 —3 =0 
giving rise in the first case to a triplet term and in the second to a singlet. 
We suppose that the same rules of coordination which give resultant 
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Fig. 2. r coordination for two electrons. 


values of m in the above drawn diagrams apply also to the combination 
of the r’s. This means that the following (Fig. 2) diagram gives the state 
of affairs, the dotted line separating the triplet combinations (3,3) 
(43,3), (—3,—43) from the singlet ($,—3). 

Such an hypothesis is a natural one to make if we are to think con- 
cretely of 11,k1,72,ke as four different magnetic parts because Pauli’s 
reasoning with the exception of one point may be repeated word for word 
for the combination of 7:,r2 even though it has been developed for r 
combining with k. The difference between the new case and the one 
shown in Fig. 1 lies in the fact that we have no a priori reason to regard 
either 7; or rg as the faster vector while r is in all probability faster than 
k. However, it is shown later that such a priori reasons may be found in 
the relative positions of the electrons. The main object of this note is to 
propose the above hypothesis. 

Thus the interpretation is ambiguous to the extent of not knowing 
which of the electrons should be labeled as 1. The empirical data dis- 
cussed by Hund enable us to decide this. Consider 2S and ?P combining 
and let the total quantum number of ?P remain fixed while that of 2S 
increases indefinitely. We have then the relation shown in Fig. 3. Here 
the crosses represent the magnetic levels of ?P belonging to j=4. The 
dots also belong to *P giving j= %. The circles give levels of the triplet 
and singlet resulting from the combination. It is readily seen that the 
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arrows drawn heavily represent the origin of the singlet term. This 
means that the r of the *P electron must be labeled as 1 and the r of the 
2S as 2. Hence it would seem in this case that the r corresponding to the 
electron approaching ionization must be considered as analogous to the r 
of a single electron. Since the essential distinction between r and & in 
Pauli’s derivation is that r in a strong field is the more rapidly precessing 
vector and since the coordination is inverted if the rotation of r,k about j 
is reversed we must consider the general position of the triplet with 
respect to the singlet before we can say which of the two 7’s is the faster. 
In Fig. 3 the coordination for the ?P is that holding for Pauli’s j*+ rotation. 
Fig. 3 shows that the singlet converges to the higher value of j while the 


Fig. 3. Formation of 'P and *P. 


triplet converges partly to 7=4 and partly to 7=§. Hence the doublet 
formed by ('P,°P) is inverted so that our previous conclusion must be 
changed to the opposite one, viz., the r corresponding to the electron 
in the less ionized state precesses faster in a strong field than that of the 
more highly ionized electron. 

Let us consider next the combination of two ?P electrons leading as is 
well known to the formation of '.S,1P,1D,3S,3P,3D. Here we are concerned 
not only with combinations of the r’s but also of the k’s or more correctly 
of the j.=k—1. The coordination of the r’s is the same as before and is 
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Fig. 4. k coordination for two P electrons. 


given by Fig. 2. The vectors j, can be imagined to combine in a strong 
field as in Fig. 4 by means of their strong magnetic field quantum num- 
bers. The dotted lines divide those pairs of values of (m,.,m,@) which 
in a weak field correspond to the same rigid vector configuration j,.“? +j. 
and which give rise to terms having the same resultant j,—therefore terms 
designated by the same letter. We thus see from Fig. 4 that 








G. BREIT 


(1,—1) gives S terms 
(1,0)(0,0)(0,—1) gives P terms 
(1,1)(0,1)(—1,1)(—1,0)(—1, —1) gives D terms (A) 
Before a comparison with experiment is made we cannot distinguish 
between this and the alternative 
(—1,1) for S 
(0,1)(0,0)(—1,0) for P 
(1,1)(1,0)(1,—1)(0,1)(— —1,—1) for D 


(a) (B) 


re 


Fig. 5. Combination of two *P electrons. 


Corresponding to these two possibilities we have the following formation 
using heavy arrows for the origin of singlets and light ones for triplets: 
This requires that if the resultant terms are regular for 
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We see at once that no real convergence is possible in A while in G 
i=} of the spark gives rise to *Po,*P;,3D,,*Dz all the other terms con_ 
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verging to j= §. This is actually the arrangement considered probable 
by Hund. If the energy values corresponding to the S terms are higher 
than those for the P which in turn are higher than those for the D as they 
seem to be in the majority of cases (according to an informal statement 
of Dr. O. Laporte) we can regard the / multiplet represented in Fig. 4 
as an inverted one and therefore we should actually expect that the 
coordination is given by the scheme B if 7, is regarded as the faster 
vector in a strong field. Hence for the / coordination the outside electron 
must be regarded as the faster vector j, while for the 7? or r coordination 
the inside electron has the faster vector. 

The writer has examined other cases than those considered above and 
in all of them the method leads to similar results. Thus if we combine 
3P and 2S we get ?P and ‘P. For ?P, j=} is assigned to j=1 of *P and 
j=%toj=2. For ‘P the values j=}, ,3 $ assign themselves in order to 
j=0, 1, 2 of *#P. The combination of *D and 2S leads to 2D and *D; For 
2D the values j = $, $ belong respectively to j7=2, 3 of *D. For ‘D, 7=4, $ 
belong respectively to 7=3, 2 of *D while j= %, } of ‘D both converge 
towards j=1 of *D. Again if 4P and *S combine we get *P and °P. For 
*P the levels 7=0, 1, 2 converge respectively to j=}, $, $ of ‘P, etc. 
Examples not involving 2S terms may also be given. Thus if *P and *P 
combine to give rise to 2S,?P,2D,4S,4P,‘D we get for example for ‘D j = §, $ 
converging to 7=2, 1 of *P while 7=%, 4 converge to 7=0. The whole 
assignment is consistent also for the convergence to *P and in some 
special types of combination one can prove that it always must be con- 
sistent. If the combining terms should be regular and the resultant terms 
inverted the method does not lead to a convergence of a j level in the 
result to one level in the spark spectrum. 

In all of this we have assumed that the two electrons are not equivalent. 
If they are, no coordination is possible on the above principles because 
no preference can be given to either. Whether the impossibility of 
obtaining coordination for equivalent electrons is directly connected 
with Pauli’s exclusion principle is difficult to say. However, an indirect 
connection must of course exist. If it should be granted that the origin 
of r lies in the internal spin of the electron? it is easy to understand 
Pauli’s exclusion principle as due to the impossibility of two electrons 
occupying the same orbit because m, and m, define completely the 
position of the orbit in a strong field. Very strong perturbations between 
two equivalent orbits would set in and would make their simultaneous 
existence impossible. If it should be legitimate to pay attention here to 


2 G. E. Uhlenbeck and S. Goudsmidt, Nature, Feb. 20, 1926; 
F. R. Bichowsky and H. C. Urey, Proc. Nat. Acad. Sci., 12, 80-75 (Feb. 1926). 
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the relatively small variation of mass with velocity the magneto mechan- 
ical ratio for the external electron should be somewhat higher than for the 
inside one and thus its precession in a strong field would be faster. This 
is in the right direction for what we have found for the / coordination. 
The r coordination requires that the inside electron so far as its spin is 
concerned should be the faster one and thus for its spin the magneto- 
mechanical ratio should be greater than for the outside electron.* 

The writer is greatly indebted to Dr. O. Laporte for numerous 
discussions of this subject. 


DEPARTMENT OF TERRESTRIAL MAGNETISM, 
CARNEGIE INSTITUTION OF WASHINGTON, 
May 14, 1926. 


*One might attempt to see a reason for this in the relativity transformations 
hz’ =hz, hy’ =hy+8d,/V1 —f, he’ hg—Bdy/V1 —# 
according to which a change in the magnetic field h of the stationary system brings 
about a greater change in h’ and consequently causes a greater change in the precession 
of a fast moving electron. However a more precise theory of the spinning electron 
than those available so far is needed for a certain consideration of the question. 
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THERMIONIC AND ADSORPTION CHARACTERISTICS OF 
CAESIUM ON TUNGSTEN AND OXIDIZED TUNGSTEN 


By Josep A. BECKER 


ABSTRACT 


Electron emission—Curves showing the logarithm of the electron current 
per cm? from tungsten and oxidized tungsten over a wide range of filament tem- 
peratures are given for several vapor pressures of caesium. At high tempera- 
tures the tungsten is covered only to a slight extent with adsorbed caesium. 
As the filament temperature is lowered more caesium is adsorbed. This lowers 
the electron work function and increases the emission many thousandfold. The 
process continues until a temperature is reached at which the tungsten is just 
covered with a monatomic layer when the work function has a minimum value. 
At still lower temperatures the surface is more than completely covered, the 
work function increases again, and the emission decreases rapidly. 

The positive ion emission is constant while the temperature decreases from 
a high value to a low critical temperature. Here the ion emission drops suddenly 
while some caesium sticks to the filament. Further decreases in temperature are 
followed by increased adsorption and decreased ion emission. If the tempera- 
ture is then increased in steps the ion current retraces its path. At an upper 
critical temperature, about 50° higher than the lower critical temperature, the 
filament cleans itself spontaneously, the caesium comes off as ions and registers 
as a sudden rush of current. At higher temperatures the ion current has its 
initial constant value which is limited by the arrival rate of caesium atoms. The 
critical temperatures are raised by an increase in the vapor pressure or by a de- 
crease in the plate potential. 

A method of determining the amount of adsorbed caesium is developed. 
At a sufficiently high filament temperature the surface is clean. At a sufficiently 
low temperature every atom that strikes the filament sticks to it, at least until 
the optimum activity is reached. The product of the arrival rate, which is given 
by the steady positive ion current, and the time to attain the optimum activity 
gives the number of caesium atoms at the optimum activity. At an intermedi- 
ate temperature the surface is only partly covered. If the temperature is sud- 
denly dropped, to a low value, it takes a shorter time to reach the optimum 
activity. From these times the amount of adsorbed caesium at various tempera- 
tures, plate potentials, and vapor pressures can be determined. At the optimum 
activity there are 3.7 X10" atoms of caesium on a cm? of tungsten. This is very 
nearly the same as the number of caesium atoms that could be packed in a single 
layer, but is considerably smaller than the number of caesium ions in such a 
layer. 

The adsorption or evaporation characteristics are illustrated by curves. 
Caesium can evaporate either as ions or as atoms. The atomic rate depends 
only on the temperature and on @, the fraction of the surface covered with 
caesium. For a given temperature it increases very rapidly with @. The ions can 
permanently escape from the filament only if the potential is in the right direc- 
tion. A typical isothermal ion rate curve increases rapidly with @, comes to a 
maximum when @ is about .01, then decreases continuously for larger 6. These 
curves explain all the observed phenomena of these adsorbed films. They show 
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that while the ion work function increases as @ increases, the work to remove an 
atom decreases with 6. The ion work function for a given @ can be decreased by 
increasing the potential gradient at the filament. 


HE work of Davisson and Pidgeon,! Langmuir,? Langmuir and 

Kingdon,’:*:> and of Ives, *:7:§ has shown that small amounts of 
electropositive materials adsorbed on tungsten may furnish thermionic 
and photoelectric currents which are many thousand times as large as 
those from clean tungsten. It was felt that a further study of these 
so-called “thin films” would shed more light on the nature of adsorption 
phenomena, surface forces, cohesive forces between atoms, contact 
potential, catalysis, and work functions for electrons, ions, and atoms. 
The present paper confirms Langmuir and Kingdon’s results for the 
electron emission from caesium films on tungsten and oxidized tungsten. 
It gives new phenomena in connection with positive ion emission. 
Experiments will be described which confirm in a striking manner the 
conclusion that the electron emission has an optimum value when a 
definite amount of caesium has been adsorbed. A method will then be 
described by which it is possible to measure the fraction of the surface 
covered with caesium at various filament temperatures and vapor 
pressures. This leads at once to a method of determining the rates of 
evaporation for caesium atoms and ions as a function of the fraction of 
the surface covered and of the filament temperature. It also allows us to 
correlate the electron and ion emission with the adsorption character- 
istics. The emission and evaporation curves make it possible to determine 
the work necessary to remove an electron, a positive caesium ion, or a 
caesium atom for surfaces covered to various extents. The results show 
that as more and more caesium is adsorbed, the electron work function 
decreases until the tungsten is covered with a single layer of closely 
packed caesium; then this work function increases as a second layer is 
adsorbed. For clean tungsten the work necessary to remove a positive 
ion is less than that necessary to remove an atom so that practically all 
the caesium evaporates as ions. As more caesium is adsorbed the work 
necessary to remove an ion increases while the work necessary to remove 
an atom decreases; when the surface is about 15 percent covered, caesium 


1 Davisson and Pidgeon, Phys. Rev. 15, 553 (1920). 

2 Langmuir, Phys. Rev. 22, 357 (1923). 

* Langmuir and Kingdon, Science 57, 58 (1923). 

* Langmuir and Kingdon, Phys. Rev. 21, 380 (1923). 

5 Langmuir and Kingdon, Proc. Roy. Soc. 107A, 61 (1925). 
6 Ives, Phys. Rev. 21, 385 (1923). 

7 Ives, Astrophys. J. 60, 209 (1924). 

8 Ives, J. Franklin Inst. 201, 47 (1926). 
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atoms evaporate as readily as caesium ions and beyond this point prac- 
tically all the caesium comes off as atoms. 


EXPERIMENTAL ARRANGEMENT 


Most of the data to be described have been obtained with a simple 
tube containing a molybdenum plate, and two thoriated tungsten fila- 
ments each 4.5 cm long and .0076 cm in diameter. The plate was sup- 
ported on a long glass stem and a guard ring was provided to minimize 
the electrical leak produced by the caesium adsorbed on the glass. A side 
tube contained a capsule partly filled with caesium. The tube was 
thoroughly baked and both filaments glowed at 2800°K so as to clean 
the surfaces. Air was then allowed to enter in order to produce a film of 
oxygen on one of the tungsten filaments. The tube was rebaked and all 
metal parts excepting one filament were again glowed thoroughly. The 
tube was then sealed from the pumps, and the clean tungsten filament 
glowed for some time to clean up any remaining gases. This treatment 
was successful since complete thorium emission could be obtained from 
the filament by appropriate heat treatment and the activity could be 
maintained constant over many hours at 1400°K. 

After these preliminary tests the capsule containing the caesium was 
broken open by allowing a glass rod to fall on it, and the caesium vapor 
was allowed to diffuse into the main tube. This diffusion took a sur- 
prisingly long time. Even after several months, during which time the 
side tube was heated to 80°C for several hours, the pressure in the main 
tube was still only 1/1000 of the equilibrium pressure. The reason for 
this slow diffusion is not known with certainty. 

The filament temperature and temperature distribution along the 
filament were obtained by measuring the heating current and using the 
relations and end corrections given by Forsythe and Worthing.’ These 
were supplemented by measuring the lengths of the filament that are 
just barely visible at various heating currents. While no great accuracy 
was sought in these temperature measurements, they were sufficiently 
accurate for the purposes in hand. 


ELECTRON EMIssION CHARACTERISTICS 


The various types of temperature-emission relations which were 
observed for the tungsten filament in different conditions are shown in a 
single diagram, Fig. 1. The coordinates are logiot and 1/T where 7 repre- 
sents thermionic current per cm? and T the temperature of the filament 
in °K. A filament whose electron work function ¢, is independent of the 


* Forsythe and Worthing, Astrophys. J. 61, 146 (1925). 
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temperature should give a straight line whose negative slope is nearly 
proportional to ¢,. This is illustrated by the electron emission lines for 
tungsten (W) and fully activated thoriated tungsten (7h-W) which were 
obtained before the caesium capsule was broken. After the caesium 
entered the main tube and produced a constant small vapor pressure, 
the characteristics of the tungsten filament were changed to those 
indicated by the curve ABCD marked Cs-W. 
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Fig. 1. Logiot vs. 1000/T where i is the thermionic current per cm? and T is in °K- 
ABCD represents electron emission from a tungsten filament in caesium vapor; A eBoCoDo 
from an oxidized tungsten filament; A,B,C,D, the same at a vapor pressure 10 times as 


great. EFGHIJK, E,.....Ko, and E, ....Ky represent the corresponding positive 
ion emissions. 


This latter curve exhibits the following features: Beginning at the 
extreme right with the lowest filament temperature 7, the emission rises 
very rapidly with T over a range that terminates at B; beyond B the 
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emission increases less rapidly to a maximum at C; from C to D an in- 
crease in T actually causes a decrease in the equilibrium value of i. 
Beyond D, i again increases with T and the curve approaches that for 
clean tungsten. At the same vapor pressure the tungsten filament which 
was oxidized showed practically no electron emission until it had been 
heated to 1550°K for about five minutes. Subsequent to this treatment 
its activity as represented by A» By Co Do exceeds that of Cs-W at the 
lower temperatures. Furthermore it retains its activity up to higher 
temperatures. Beyond C> the curve declines more rapidly than CD and 
part of it actually is below CD. The indications are that beyond Dy, 
the activity would actually be less than that of clean tungsten. This 
filament will be designated as Cs.on OW. It was never heated beyond 
1550°K so as not to evaporate the oxygen. The amount of adsorbed 
oxygen is unknown but is probably not more than one layer deep. 

If the vapor pressure of the caesium is increased approximately tenfold 
by increasing the bulb temperature, the resultant curve for Cs-OW is 
given by A; B,; C,; D,. Near Ao the activity has decreased whereas near 
Cy and Dp it has increased. For Cs-W the effect is qualitatively the same. 
The family of such curves for a series of vapor pressures has as its 
envelope a straight line as was shown by data other than that repre- 
sented here. This is illustrated by the lines Ao’ Bo B, for Cs-OW and 
A’ BC’ for Cs-W. It is also very well illustrated by the line AB in Fig. 1 
of Langmuir and Kingdon’s article.® 

The unusual temperature emission characteristics of caesium on 
tungsten may be accounted for by the way in which the thermionic work 
function, ¢g., varies with the filament temperature T. y, depends only 
upon the number of caesium atoms or ions adsorbed per cm?. This in 
turn is determined by an equilibrium between the rate of condensation 
of atoms from the vapor and the rate of evaporation of adsorbed atoms 
and ions. Let us represent by N, the number of caesium atoms required 
to cover completely one square cm, and by @ the ratio N/N,, where N 
is the actual number of atoms per cm?. @ then represents the fraction of 
surface covered. We may anticipate the deductions from experiments 
to be described later in order to correlate 6 and yg, with the i—T relation 
of Fig. 1. At the low temperature corresponding to the point A, @ is 
greater than unity. As the filament temperature, 7, is raised @ decreases 
and reaches the value unity at a point such as B. For still higher tem- 
peratures, @ is less than unity and at very high temperatures it approaches 
zero. 

Whenever @ changes, y, and i change. In the region from A to B, 4 
increases not only because T increases but also because ¢ decreases. Thus 
if T is suddenly changed from its value at A to its value at B, 7 increases 
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suddenly at first; then it keeps on increasing even after T is constant, 
while @ and ¢ decrease until equilibrium is established. In the region 
B to C, i tends to increase because of an increase in T but tends to de- 
crease because of an increase in gy. Thus if we suddenly change T from 
B to C, i suddenly assumes the value C’ and then gradually decreases 
until it reaches its equilibrium value at C. Between C and D, 7 again 
tends to increase because of an increase in 7, but now this increase is 
more than counterbalanced by a decrease in 7 caused by an increase 
in g. Thus if T is suddenly changed from C to D, i actually rises to a 
value higher than that at C and then as @ decreases, 7 drops to a value 
below that at C. 

If we now suddenly change T from D to A, i at first is immeasurably 
small, then it increases exponentially with time, comes to a maximum 
at A’ which may be very large compared to its final equilibrium value at 
A. As @ builds up at T,4, the activity passes through an optimum value 
probably because ¢ passes through a minimum. In other words, as the 
caesium is adsorbed it aids the activity until an optimum amount is 
adsorbed. When still more caesium is adsorbed, the activity decreases. 
According to this view if we now increase T from T,4 to T¢, should again 
pass through a maximum at C’ as @ passes through its optimum value. 
This is actually confirmed by trial. The experimental results can be 
generalized as follows: Whenever T is suddenly changed from a value 
less than Tz to one greater than 7’; or vice versa, the thermionic current 
always passes through a maximum and these maxima fall on the straight 
line A’BC’. If the vapor pressure is increased, point B is shifted along 
the line toward higher temperatures but the line itself is not moved. 
This line is evidently the Richardson line for the optimum @. Later 
experiments will indicate that this optimum @ is unity. 

This interpretation of the time changes as changes in ¢ receives weighty 
support from Ives’ studies of the photoelectric properties of thin films.’ 
In the case of sodium depositing on clean platinum, it takes 10 hours 
for the activity to reach its optimum value and 60 to 70 hours to become 
steady. This allows plenty of time to follow changes in the long wave- 
length limit, Xo. Starting with clean platinum, Ao continuously shifts 
toward the red as more sodium is adsorbed until the optimum activity 
is reached; then as still more sodium sticks, Ay moves back toward the 
violet. Since ¢ varies directly with 1/A» it follows that the work function 
of such films decreases, passes through a minimum, and increases again 
as more sodium is adsorbed. 
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PosITIVE ION CHARACTERISTICS 


Let us now direct our attention to the positive ion characteristics. 
If we apply a negative potential to the plate and increase T in gradual 
steps we find that positive ions leave the filament. Curve EFGHIJK 
in Fig. 1 gives the equilibrium values of the logarithm of this positive 
ion current per cm? (7,) for various values of 1/T or T. Note that when 
T reaches a critical temperature, T:,, of 850°K the values of 7, rise 
abruptly. This is followed by a flat region GH, and then by a steep 
region HI. As T is decreased, 1, remains constant down to a lower 
critical temperature T¢, of 800°K, and then drops suddenly to the line 
EF. This hysteresis loop FGJK is real and is not due to a lag in T. The 
rise HI at higher temperatures is caused by a flow of photo and thermal 
electrons from the plate to the filament. Dr. Ives* has shown that these 
can be suppressed by means of a magnetic field parallel to the filament, 
and that then the flat portion GH can be extended to higher temperatures. 
At still higher temperatures 7, again rises and can no longer be suppressed. 
This increase is probably due to ionization of caesium vapor by the light 
from the filament.?° 

It is from the flat region GH that Langmuir and Kingdon* conclude that 
every atom that strikes the filament leaves it as an ion. They also state 
that from space charge characteristics the e/m for these ions has the value 
corresponding to caesium atoms which have lost one electron. Ives finds 
that this is true only if the bulb temperature is above 60°C and that at 
lower bulb temperatures the carriers consist of clusters of atoms. Both 
Langmuir and Kingdon and Ives used saturated vapor. With un- 
saturated vapor such as was used in the present experiments, the indica- 
tions are that every atom that strikes leaves as a singly charged ion. 

The positive ion characteristics for Cs-OW at very nearly the same 
vapor pressure are shown by the curve EoFoGoHoJoKo. This curve is 
similar to that for the tungsten filament, the chief difference being a 
displacement towards higher temperatures. If the vapor pressure is 
increased approximately tenfold, Cs-OW gives the curve £, F,G,A\I,JiK, 
The portion EF is lengthened and shifted to the left; the hysteresis loop 
is also displaced towards higher temperatures; and the ion current cor- 
responding to the flat portion GH is increased in direct proportion to the 
increase in the vapor pressure. By dividing the current corresponding 
to this flat region GH by e, the charge on the electron, we obtain the 
number of caesium atoms that strike per square cm per second. This 
number together with the following method enables us to determine the 
number of atoms per cm? at the optimum activity. 


*” Foote and Mohler, Phys, Rev. 25, 195 (1925). 
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THE NUMBER OF ATOMS PER CM? AT THE OPTIMUM ACTIVITY 

Suppose we are drawing positive ions at 7 =1040°K for Cs-OW then 
suddenly change 7 to 570°K (see Fig. 1), reverse the plate voltage so 
as to draw electrons, and plot log i vs. time after the change in T. The 
resulting curve is shown in Fig. 2 marked 570°. If we again draw positives 
at 1040°K but this time drop to 610°K, the entire curve is higher; the 
maximum occurs at the same time; the peak is less pronounced; and the 
emission approaches its steady value sooner. These same remarks apply 


610° 


Fic2 


Cs-OW 


| 


570° 
40 80 20 160 200 240 
TIME ~ SECONDS 


Fig. 2. The Cs-OW filament‘is heated to 1040°K and positive ions are drawn. This 
removes practically all the adsorbed caesium. At time 0 the temperature is suddenly 
changed to the value indicated on each curve, the plate potential is reversed, and the 
logis of the electron emission observed as time progresses. The time to reach the maxi- 
mum at the three lower temperatures is called t»,. 


to the curve for 7=625°. If the lower temperature is above 650°K 
(point Bo in Fig. 1) the emission no longer passes through a maximum 
but approaches its steady value rather more suddenly than one might 
expect. The arrows in Fig. 2 indicate the time necessary for sufficient 
caesium to have struck the surface to form an amount that is actually on 
the surface when equilibrium prevails. The method of determining this 


time will be explained later. For Cs on W the results are similar to those 
in Fig. 2. 
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The important point to note in Fig. 2, is that ¢,,, the time required to 
reach the maximum, is independent of T so long as 7 <650°K. This 
suggests that below 650°K every atom that strikes the filament sticks 
to it until enough are adsorbed to give the optimum activity. This view 
is strongly confirmed by an experiment which shows that ¢,, is not 
shortened even if the filament is kept cool for the first 80 seconds. This 
must mean that the fraction of the atoms that stick is the same at 570°K 
as it is when the filament is cool. It would be odd indeed if this fraction 
were anything but unity. 


24 R 40 48 Sse 64 n 60 Ly 
ip X 10” AMPERES/CM* 


Fig. 3. If the bulb temperature is raised, the vapor pressure as measured by the 
saturation positive ion current per cm’, ip, increases while ¢,, decreases. The 
product ty:t» stays constant. 


The results exhibited in Fig. 2 were obtained by lowering the filament 
temperature from the initial value 1040°K. The same results are ob- 
tained, however, except for slight differences due to end effects, when the 
initial temperature has any other value greater than 7¢,, the critical 
temperature at which the ion current rises abruptly in Fig. 1. In par- 
ticular ¢,, is not increased by a high initial temperature. This can only 
mean that within the limits of experimental error the tungsten or oxidized 
tungsten is just as clean at its critical temperature as it is at any higher 
temperature; that is, perfectly clean. 

It is now a simple matter to compute N» the number of adsorbed atoms 
per cm? at the optimum activity. As explained above, the positive ion 
current for the region GH tells us how many atoms strike per cm? per 
second. We saw that for 7<650°K every atom that strikes sticks at 
least until the optimum is reached. To compute No, the number at the 
optimum, we have simply to multiply the rate of arrival by ¢,, as given 
by the maxima in Fig. 2. Furthermore if the above reasoning is correct, 
tm should be inversely proportional to the rate of arrival of atoms. If 7, 
is the positive ion current per cm*, 7,/,, should be a constant independent 
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of i, or the vapor pressure. How nearly this expectation is fulfilled by 
experiment is illustrated by Fig. 3, which gives tm vs. ip and iptm VS. tp 
for Cs on OW. 7, was changed by heating the bulb, thus increasing the 
vapor pressure and the rate of arrival of atoms at the filament. Note that 
while the positive current increases tenfold the product 7, - tm deviates 
not more than 3 percent from its mean value, and in particular shows 
no trend downward or upward.* 

From an extensive series of trials No for Cs on W is computed to be 
3.910" atoms/cm. This is probably correct to within 5 percent. This 
figure is based on the assumption that the filament surface is smooth 
whereas actually it is probably etched becauseof evaporation of someof the 
crystal surfaces. Langmuir? has shown that the effect of this etching is to 
increase the effective adsorbing area 6 percent. If we apply this correction 
No=3.7 X10" to within 5 percent. 

It is interesting to compare this value of No with N; the maximum 
number of atoms that can be packed in a monomolecular layer. To do 
this we need to know the mode of packing and d, the distance of closest 
approach in such films. The most likely mode of packing seems to be 
hexagonal close packing. Then if d has the same value in the film as in a 
metallic crystal, we are still confronted with two possibilities depending 
on whether the caesium crystal is face-centered or body-centered. The 
first alternative together with 1.87 gms/cm® for the density of caesium 
gives a value of N,; equal to 3.810" atoms/cm? while the second gives 
4.010". On the other hand, if the adsorbed caesium is ionized and the 
ions have the same diameter as in CsCl crystals then N, should have the 
value 4.85 X10" according to Wyckoff’s figures or 7.2010" according 
to Davey’s figures. Thus these various possibilities give values of N; 
equal to 3.8, 4.0, 4.85, and 7.20 10" compared with an observed number 
at the optimum activity equal to 3.710" atoms/cm’. These figures 
strongly suggest that for the optimum activity, the caesium is closely packed 
on the surface one layer deep and has its atomic rather than its ionic diameter. 

At the same vapor pressure ¢» for Cs on OW is always found to be 
about 10 percent greater than ¢,, for Cs on W. The computed value of 
No for Cs on OW is consequently 10 percent greater than for Cs on W, 
or 4.110" atoms/cm?. This suggests that the caesium on OW may be 
partially ionized and that as a result of the smaller diameter the number 
forming a monatomic layer is 10 percent greater. 


(* The fact that this product does not vary with bulb temperature shows that at the 
bulb temperatures used (20 to 50°C) the particles in the vapor are single atoms or ions 
and not clusters. Ives, experiments show that when clusters are present, the average 
number of atoms in a cluster decreases rapidly as the bulb temperature increases. In 
that case the product i,:t. should increase considerably.) 
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EQUILIBRIUM @ AS A FUNCTION OF T 


We have seen that if we draw positive ions at JT near 1040°K, the fila- 
ment is clean and that it takes ¢,, seconds for enough atoms to strike the 
filament to form a complete layer at a temperature below 650°K. For T 
between 1040° and 650° the fraction of the surface covered, i.e., 6, should 
have values between zero and one. Hence the time required to reach the 
optimum activity should be less than /,,. This is actually found to be the 
case if we draw electrons and from the times we can determine values of 
6 for various filament temperatures. 
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Fig. 4. The Cs-OW filament is heated at 7, while positive ions are drawn to clean.the 
surface. The temperature is lowered to the 7; values indicated on each curve, and kept 
there until equilibrium is established. At time 0, the temperature is again dropped to a 
low 7; value, of 550°K and the electron emission as measured by the galvanometer 
deflection is observed as time progresses. The time to reach the peak of the curve is 
called ts. If the filament is clean at 72, tj =tm or 165 seconds in this case. 


We will find it convenient to standardize our procedure as follows. 
Heat the filament at T=T7) for ¢; seconds to attain a known initial state. 
Change T to 7: for t, seconds. Finally decrease T to 73 and observe fs 
the additional seconds required to reach the optimum activity. Fig. 4 
shows the galvanometer deflections against the time at 7; for a series of 
T: values. In each case 7,=1040°K and the plate voltage V, is —140 
volts with respect to the filament. This treatment removes practically all 
the adsorbed caesium. For each curve 7: is maintained until equilibrium 
is attained. For the curve on the extreme right, positive ions are drawn 
at 935°K, at this temperature the surface remains practically clean since 
ts has the same value as‘. For the next curve 7: is again 935°K but this 
time electrons are drawn from the filament. The curve is practically a 
repetition of the previous one but each point occurs 30 seconds sooner.* 


(* The difference in the deflection is due to slight, accidental differences in 7;). 
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Hence, we must conclude that at 935° the surface is clean if we draw 
positive ions but is partly covered if we draw electrons. For the remaining 
curves in Fig. 4, V, is always +140 volts. They show that the equilibrium 
6 becomes larger as T decreases. In this figure /; is the time corresponding 
to the maximum deflection. It is quite apparent that ¢;/t, represents 
the fraction of the surface being covered at 7; while 1—¢;/tn=6 the 
fraction which was covered at 7:. Hence from a series of curves similar 
to Fig. 4 we can determine the equilibrium values of @ for various filament 
temperatures. 

Fig. 5 shows plots of @ vs. T: for Cs-W and Cs-OW. The lettering is 
analogous to that in Fig. 1. Thus point B represents the condition at 
the optimum activity at which @ has the value unity; point F is at Tc. 
The subscript o refers to the Cs-OW filament. The vapor pressure is the 





Fig. 5. 0, the fraction of the surface covered when equilibrium prevails as a function 
of T2, the temperature of the filament. For the curve ABCD electrons are drawn at 73; 
for ABCFGH positive ions are drawn at T>, and the filament was heavily coated previous 
to being brought to 72; for HJKCBA positive ions are drawn at T3, and the filament was 
clean previous to being brought to 72. The subscript o refers to Cs-OW filament. 
bn = 136 seconds. 


same for the two curves in Fig. 5.+ For the curve BCD for which electrons 
are drawn at 7, it makes no difference what the treatment at 7; was. 
For the curve FGHJK for which positive ions are drawn at T2, it does 
make a decided difference what the treatment at 7, was provided that 
the value of 7, lies between 7¢, and Ty. If the filament was clean 
previous to being put at a temperature in this region it stays clean; if 
previously it was heavily coated, it comes to nearly the same equilibrium 
6 as when electrons are drawn. Note that below 7%, it makes no appre- 
ciable difference whether we draw electrons or positives at T: or what 
the immediate previous treatment of the filament has been. Note also 


(+ This vapor pressure is less than that which prevailed for curves E—-K and Ey—- 
Ko in Fig. 1. This is why the critical temperatures tas and T¢, in Fig. 5 are lower than 
the corresponding ones in Fig 1.) 
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that if we draw positives when 7; is greater than 7%, @ is always very 
nearly zero. Evidently the caesium can evaporate from the surface either 
as atoms or as ions. The atoms escape irrespective of plate potential, but 
the ions can permanently escape only if the plate potential is negative. 

Note that the Cs on OW is qualitatively like Cs on W. For the same 
T2, however, its equilibrium @ is larger than for W, and its hysteresis 
region comes at higher temperatures. This means that caesium is held 
more firmly by the oxide on tungsten than by clean tungsten. 


EVAPORATION CHARACTERISTICS 


The curves in Fig. 5 exhibit 6 as a function of T for a particular vapor 
pressure and therefore for a particular rate of arrival of caesium atoms 
at the filament. Let A represent this arrival rate. Now since each point 
in the diagram represents a state of equilibrium, this A must be equal 
to E, the total rate of evaporation of caesium from the filament. E will 
in general be made up of E, and Ep» the rates of evaporation of atoms and 
of positive ions respectively. Fortunately we can determine each of these 
separately, for if the plate is positive no ions can permanently escape and 
the equilibrium is maintained by the evaporation of atoms only. For 
Cs-OW, Fig. 5 shows that at 800° the rate of evaporation of atoms from 
tungsten whose surface is 54 percent covered with caesium is equal to 
the rate of arrival, which we can determine by measuring the saturation 
i, as previously described. This gives us a single point on an E- diagram 
for T=800. For many purposes such a diagram will be found most useful. 
The dashed lines which decrease towards the left in Fig. 6 show how the 
rate of evaporation of caesium atoms, E,, varies with @ for a series of 
temperatures in the case of the Cs-OW filament. The heavy horizontal 
line marked A gives the arrival rate or vapor pressure that prevailed for 
the Cs-OW curve in Fig. 5. Hence the curve BoCoD, in Fig. 5 gives the 
intersection points of the various temperature lines in Fig. 6 with this 
A line. By varying the vapor pressure we can similarly determine the 
intersections of the same temperature lines with new A lines and thus 
complete the EZ, or dashed curves. 

The light continuous curves which rise rapidly at the origin and later 
decrease toward the right in Fig. 6 represent the rate of evaporation of 
positive ions, Z,, as a function of @ for a series of filament temperatures. 
These curves may be obtained as follows. Starting with a cold filament, 
raise the temperature until the positive ion current has an appreciable 
value such as given by any point on the line EoKoF» in Fig. 1. The 
equilibrium is now maintained by the arrival of A atoms per cm? per 
second and by the evaporation of E, atoms and E, positive ions per cm? 
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per second. If each ion is a single atom which has lost one electron 
E,=i,/e. @ can be obtained from a @—T curve like Fig. 5. Hence in this 
condition E,, 8, and T are known. This method can be used for all 
points on the EoKoF» line in Fig. 1. It will give only one point on each 
temperature line in Fig. 6. To get more points, we may change the vapor 
pressure and repeat the procedure. 


0 ' 2 3 


Fig. 6. The rate of evaporation, E, expressed in atoms or ions per cm? per sec. as 0 
increases. The caesium can evaporate either as ions or as atoms. The dashed curves 
show the atom-rate at the temperatures indicated; the light continuous curves are 
isothermals for the ion rate; the heavy continuous curves show a few isothermals for the 
total evaporation rate. The heavy horizontal A line represents the constant rate of 
arrival that prevailed for the curves in Fig. 5. 


Another independent method of determining E, for various values of @ 
and T is to proceed as follows: Clean the surface by drawing positives 
at 7,; suddenly reduce T to 7; and draw electrons for t, seconds; then 
drop to a low testing temperature 7; and observe fs, the time it takes 
to get to the optimum. Repeat this procedure but vary ?/z. It is evident 
that if t2=0, i.e., if we drop directly from T, to 73, the particular value 
of ts; will be equal to ¢, which depends only on the vapor pressure and 
the nature of the surface. It has also been shown above that t3/tm=1—8. 
The points in Fig. 7 show a plot of this quantity against t2/tm for the 
various values of J, indicated for the Cs-W filament. Note that at first 
t3/tm decreases by the amount ?2/t» irrespective of the value of 72. For 
T2=795°, t3/tm is constant after te/tm of about .40. The lower the value of 
T2, the longer ¢;/t» decreases proportional to tz. This must mean that 
E, at T=T, has very small values as long as @ is appreciably less than 
its equilibrium value. In other words every atom that strikes sticks until 
9 builds up almost to its equilibrium value. Then for a short time only a 
fraction stick until equilibrium is reached when as many evaporate 
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as strike. Also the lower the value of 7; the longer it takes to reach 
equilibrium. 

The slope of the curve in Fig. 7 is sufficient to determine numerical 
values of E. To show this, we have that 


ts/tm=1—0 or y=1—N/No 
since 0@= N/N, by definition, and Ny= No. Also te/tm=x or le=t,°% 


The slope 
Atm E 
A-B)tn= “(1 “ =) 
No dl dx No A 


=E/A-1 


since dN/dt,z=A-E, dt2/dx=tm, and Atm= No. 
Hence if we take any point in Fig. 7, 1—~y gives us @ and the slope tells 
us E/A —1and hence E. 
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Fig. 7. The surface is first cleaned at 7;. The temperature is reduced to 7:, and 
kept constant for 4 seconds when it is again reduced to 73 and &, the time at which the 
maximum occurs, is observed. ¢ and & are divided by ¢,, to take account of small 
variations in ¢,, during the course of the experiment. For the dots at 7; = 795°K electrons 
are drawn; for the crosses (+) at 7;=795 and the circles at 7;=807 positive ions 
are drawn. ft», =80 sec. 


0 


This same method slightly modified can be used to determine E, also. 
If we draw positives instead of electrons when T = 7;=795°K, we obtain 
the + curve in Fig. 7. This curve starts out nearly horizontally, then 
bends downward. Next follows a straight region with a —45° slope. This 
changes rather abruptly into a horizontal straight line. This means that 
at first 6 increases very slowly from 0, then more and more rapidly until 
its rate is limited by the vapor pressure. This continues until @ reaches 
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the same equilibrium value as before at 795°. In other words, only a 
small percentage of the striking atoms stick to clean tungsten, but after 
a few are adsorbed the rest stick more and more readily, until they all 
stick. However, as soon as @ reaches its equilibrium the evaporation rate 
is equal to the arrival rate. These same characteristics are shown even 
more markedly for the curve marked 7;=807°. By varying the vapor 
pressure we can get a series of E, curves. 

Having once found E£, and E, for various values of T and 6 the results 
may be exhibited by a family of curves such as is sketched in Fig. 6. 
From an accurate plot similar to this sketch and the Clausius-Clapeyron 
equation, the work necessary to remove either an atom or an ion can be 
determined for all values of 6. To do this accurately would require more 
precise values of filament temperature and effective filament lengths 
than the present tube furnishes. It would also require many more points 
than were taken thus far. These deficiencies could be overcome in a tube 
with a long filament and several collectors. For these reasons Fig. 6 is 
to be considered a sketch rather than a plot. From it one can, however, 
deduce with certainty that the work necessary to remove an atom decreases 
as @ increases; while the work necessary to remove an ion increases with 0. 
This last fact was at first somewhat surprising. It is not so surprising 
when one reflects that the adsorbed caesium decreases the work function 
for negatively charged particles, and that hence they might reasonably 
increase the work to remove a positive ion. In fact this is precisely what 
one would predict if some of the adsorbed caesium were ionized. These 
surface ions would produce local fields of very great potential gradients 
in such a direction as to help electrons escape from the surface, but hinder 
positives. In a separate paper the author hopes to produce further 
evidence for this physical picture. 

If in Fig. 6 we add E, and E, we obtain the series of heavy lines repre- 
senting E, the total rate of evaporation when the plate is negative. These 
curves all show a minimum for some value of 6. To appreciate the 
significance of this minimum let us increase the filament temperature 
in steps but keep the vapor pressure constant. The horizontal line is to 
indicate this constant rate of arrival, A, of caesium on the filament. 
At.a low temperature, 6 will have a large value. If we suddenly increase 
the temperature E will greatly exceed A. Hence @ will decrease to a 
smaller equilibrium value when E again equals A. This process is re- 
peated until we get to a critical temperature T;, whose E curve is just 
tangent to the A line. If we then raise the temperature, E again exceeds 
A, and @ again decreases. Now, however, a decrease in 6 is accompanied 
by a rise in E so that E always exceeds A and @ decreases more and more 
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rapidly until it practically reaches zero. In other words for 77>T7¢ the 
filament cleans itself spontaneously. This accounts for the sudden rise 
at Tc, in Figs. 1 and 5. While the filament is thus cleaning itself off 
spontaneously most of the caesium comes off as ions. This sudden rush 
of ions should register as a ballistic throw in the galvanometer. The 
magnitude of this throw should be approximately independent of the 
vapor pressure while the steady deflection is proportional to the pressure. 
These phenomena were actually observed in every detail before their 
explanation in terms of the evaporation characteristics were understood. 
With saturated vapor at any temperature above 0°C, the steady de- 
flection is so great that it completely masks this ballistic throw. The 
ballistic throw can be most clearly shown if the vapor pressure is so low 
that ¢, is about 15 minutes. The throw on our galvanometer in that 
case was 140 mm while the steady deflection was only 4 mm. In fact this 
ballistic throw can be used to detect and roughly measure the caesium 
vapor pressure long before the steady positive current is large enough 
to sensibly deflect the galvanometer. Another way of obtaining this 
ballistic throw is to suddenly reverse the plate potential from a positive 
to a negative value when the vapor pressure is low and T>T7v:,. This 
result was first predicted from a study of Figs. 5 and 6. 

These figures show that the evaporation characteristics depend to 
large extent on the polarity of the plate. The curves therein shown are 
for potentials sufficient to saturate the electron and ion currents. For 
smaller negative plate potentials, E, for a given T and @ are less than in 
Fig. 6, and 7. in Fig. 5 is shifted more and more to higher 7 values. Hence 
there exists a complete set of curves similar to Fig. 6 for each value of the 
negative plate potential. While the experimental results are still very 
meager, they indicate that the work necessary to remove a positive ion 
can be appreciably decreased by applying large negative potential 
gradients. In other words, even though T and @ remain constant 7, can 
be appreciably increased by increasing the negative plate potential. This 
effect is similar to the Schottky effect for electron emission." 

This dependence of E, on plate potential must be taken into account 
in determining e/m for the caesium ions from the slope of the 7 vs. V 
curve. In using this slope it is customary to tacitly assume that the 
contact potential between the filament and plate remains constant. 
Our experiments show that E, and therefore 6 and ¢ vary with the 
applied voltage over the range in which the positive ion current is limited 
by space charge. Hence the contact potential varies from point to point. 


" Schottky, Zeits. f. Physik 14, 63 (1923). 
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This sometimes introduces appreciable errors in the calculated values 
of e/m. 


DETAILS OF HysTERESIS PHENOMENA 


There is another interesting consequence of the evaporation character- 
istics which shows itself when the filament temperature lies inside of the 
hysteresis region. Suppose we again clean the Cs-OW filament by 
drawing positives at 1040°K; then choose 7: such that it is only slightly 
higher than 7;, and keep 7: fixed for tg seconds; finally drop to the testing 
temperature 73, reverse the plate potential, and observe the electron 
current as time progresses. Fig. 8 shows a plot of this current vs. time 
for the various values of ¢, indicated on the curves. Instead of getting a 
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Fig. 8. The surface of the filament is cleaned at 7}. The temperature is reduced to 
T: =850°K, a value about 20° higher than 7:,, and kept there for the time indicated on 
each curve while positive ions are drawn; then the temperature is again reduced to 73 
and the electron emission observed as time progresses. 


single maximum as heretofore we now observe two distinct maxima. 
With increasing ¢2, the first maximum grows while the second decreases 
in height. The sum of the two heights stays approximately constant. 
If we draw electrons at 72 until equilibrium is reached and then drop 
to 7; we observe a single peak at the time of the first set of maxima in 
Fig. 8. Whereas if we drop directly from 7, to T3 we observe a single 
peak at the time of the second set. Evidently the filament must be rather 
sharply divided into two regions at T;. The central region which produces 
the second maxima is clean but gets progressively smaller. The two end 
regions which are responsible for the first maxima get progressively 
larger. As long as there is still a clean central portion, we can reverse the 
direction of travel of the dividing line by raising J; near to Te. 

This peculiar phenomenon also can be readily interpreted in terms of 
the evaporation curve Fig. 6. For any temperature 7, between 7c, and 
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Tc, such as, for example, 850° in the case of Fig. 6 the isothermal curve 
crosses the A line in three places, 6;, #2, and 63. While @, and @; are points 
of stable equilibrium, 62 is a point of unstable equilibrium. Since there 
are two stable equilibrium values for the same filament temperature and 
vapor pressure, the surface can exist either practically clean at 6; or 
covered to an extent equal to 6;. There must, of course, be a dividing edge 
separating these two regions. Fig. 8 shows that this dividing edge must 
be rather sharp when measured in cm. Still it may constitute a transition 
region many atomic diameters in width. It is known that adsorbed atoms 
can move over distances of the order of 1X10-* cm on the surface." 
There must therefore be a considerable dividing region whose 6 values 
range from 6, to 02 and 62 to @3. For the first of these sections E>A while 
for the second A>E£. For temperatures near 7;, the second section will 
be more effective than the first, with the net result for the whole region 
that more atoms will strike than evaporate. Consequently the covered 
part of the filament will grow at the expense of the clean part. For 7; 
near T¢, the reverse will be true. 


RésuME AND DiscussION OF RESULTS 


This paper describes a new method for determining quantitatively 
how the concentration of adsorbed atoms is affected by surface tem- 


perature, surface potential gradient, and rate of arrival of atoms. The 
application of this method to various cases of adsorption ought to throw 
a good deal of light on the nature of the forces which cause one atom to 
stick to another. At the same time, this study also reveals the nature 
of the correlation between the thermionic characteristics of a surface and 
the state of its adsorbed layer. Thus the study of caesium adsorbed on 
tungsten has led to the following picture. The first few caesium atoms 
that strike a clean tungsten surface are ionized. If the filament tem- 
perature is above a critical value, 7;,, and the plate is sufficiently negative 
every atom that strikes the filament comes off as an ion and it stays 
practically clean. If the temperature equals or is less than a lower critical 
value, T¢,, a few of the striking atoms fail to evaporate but are adsorbed 
on the tungsten surface as ions. The strong local fields produced by these 
ions increase the work function for positive ions so that a smaller per- 
centage of the atoms that strike come off. Soon every atom that strikes 
sticks. When @ reaches a certain value as much caesium evaporates as 
strikes. By now the adsorbed caesium can no longer all be ionized and 
the particles that come off are nearly all atoms and not ions. If the 
temperature is lowered, more atoms stick until a new equilibrium @ is 


#2 Volmer and Esterman, Zeits. f, Physik 7, 13 (1921). 
“t Esterman, Zeits. f. Physik 33, 320 (1925). 
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reached. If the plate is positive during adsorption every atom that strikes 
the filament sticks until the equilibrium @ is reached. At a given vapor 
pressure, there is a temperature such that the surface is just covered one 
layer deep with caesium. At this stage the caesium is packed as closely 
as possible on the surface and it has its atomic rather than its ionic 
diameter. For still lower temperatures the surface is covered more than 
one layer deep. 

The shape of the curves which give the relation between rate of 
evaporation of caesium and @, a sketch of which is shown in Fig. 6, 
satisfactorily accounts for the observed critical temperatures and 
hysteresis effects for positive ions. These curves also explain why the 
filament cleans itself spontaneously when we approach the higher of these 
critical temperatures, and why this process is accompanied by a momen- 
tary rush of positive ions from the filament. 

The adsorbed caesium greatly modifies y,, the work function for 
electrons. For clean tungsten this has the value 4.52 volts. As @ increases, 
¢. decreases rapidly at first, then progressively less rapidly. When @ = 1.00 
¢. has a minimum value of 1.36 volts. This value is computed by putting 
the present interpretation on Langmuir and Kingdon’s line AB in Fig. 1 
of their article.6 When the second layer is formed, y, increases again. 

On the whole this picture has much in common with the one Langmuir 
and Kingdon® have arrived at from considerations which are in part 
entirely different than the ones presented here. There are three essential 
differences however. They seem to assume that adsorbed surfaces cannot 
be more than one layer deep, and they conclude that @=.90 at the 
optimum activity, i.e., for points on the line AB referred to above. The 
simple straightforward observations herein described point to a 6=1.0 
for this condition, and Fig. 2 indicates that for sufficiently low filament 
temperatures enough atoms are adsorbed to form much more than a single 
layer even if @=.90 at the optimum activity. 

The second difference is that according to Langmuir and Kingdon the 
electron work function decreases linearly as @ increases; while the experi- 
ments herein described and Ives’ photo-electric experiments point to a 
non-linear decrease in yg, which is followed by an increase in g, when @ 
attains its optimum value. 

In the third place Langmuir and Kingdon believe they have shown 
“that in the adsorbed film no distinction can be drawn between atoms 
and ions,”’ while the writer believes that the experimental facts can be 
much more readily interpreted from the viewpoint that there is a real 
difference between adsorbed atoms and ions. If the valence electron no 
longer revolves about the adsorbed nucleus the caesium exists as an ion. 
This will be the case if the surface work function, ¢, is considerably 
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larger than the ionization potential of the caesium atom in free space. 
It will then take a definite amount of work to transfer an electron from 
the surface to the adsorbed ion and at least momentarily convert it to 
an adsorbed atom. At high surface temperatures there will be an appre- 
ciable number of electrons endowed with sufficient energy to convert ions 
to atoms and hence the ratio of adsorbed ions to atoms will decrease as 
the temperature increases and @ is kept constant. This ratio will be 
governed by Boltzman’s equation. Conversely if ¢, is considerably 
smaller than the free ionization potential most of the caesium will be 
adsorbed as atoms and an increase in surface temperature for a given 0 
will result in an increase in the ion concentration. The state in which a 
caesium particle evaporates depends on whether it was an adsorbed ion 
or an atom at the instant at which it received an appropriate thermal 
impulse. 

Langmuir and Kingdon also find evidence for two distinct phases 
existing at the same filament temperature and separated by a sharp 
dividing line which can be made to move along the filament. The present 
method not only detects these phases but gives the concentration of each. 
Langmuir and Kingdon from their viewpoint evidently expected to find 
evidence for two such phases even when the plate is positive. Their failure 
to do so is explained by the evaporation curves which show that with 
the plate positive only the concentrated phase exists. They do not men- 
tion the hysteresis phenomenon for positive ions, nor the momentary 
rush of positive ions at 7... 

Estermann® finds that when a vapor such as cadmium strikes a surface 
such as copper at a given rate A, a deposit will be formed only if the 
temperature of the surface is below a critical temperature, T,. From the 
variation of 7, with A he computes the heat of adsorption. This critical 
T. is evidently the same as 7. in the present paper and the explanation 
of his phenomenon is given by the evaporation curves. He also: finds 
indisputable evidence that adsorbed atoms can travel over comparatively 
large distances on the surface. Chariton and Semenoff™ find similar 
evidence for critical temperatures. All this goes to show that evaporation 
curves for caesium on tungsten have their counterparts in many other 
cases of adsorption. 

The author wishes to express his thanks to Dr. C. J. Davisson and to 
Dr. W. Wilson for discussion and criticism of the paper and to Messrs. 
E. K. Jaycox, C. J. Brasefield and C. J. Calbick for assistance in collecting 
the data. 


BELL TELEPHONE LABORATORIES, INCORPORATED 
New York, N. Y. 
April 2, 1926. 
4 Chariton and Semenoff, Zeits. f. Physik 25, 287 (1924). 
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SECONDARY ELECTRON EMISSION FROM TUNGSTEN, 
COPPER AND GOLD 


By RosBErt L. PETRY 


ABSTRACT 


By a null method of high precision, previously described, the secondary 
electron emission from tungsten, copper and gold surfaces bombarded by an 
electron stream has been measured and the ratio J,/J: of secondary current to 
primary current plotted as a function of the velocity of the primary electrons. 
The maximum values reached by the ratio J,/J, were as follows: 1.45 for 
tungsten at 700 volts, 1.32 for copper at 240 volts, 1.14 for gold at 330 volts. 
Tungsten showed fairly satisfactory critical potentials at 11.0, 17.1, 25.2, 29.3, 
40.5, 46.0, 89.5, and 271.5 volts. Copper showed breaks at 7.8, 12.6, 16.8, 19.5, 
23.8, 39.0, 56.9 and 73.5 volts, the first two being marked by very definite 
minima. Gold indicated critical potentials at 15.5, 21.0, 23.2, 31.5 and 43.7 
volts. Comparison of these potentials with soft x-ray levels does not lead to a 
definite conclusion as to the relation between the two. 


N A previous paper! the method and the results of a study of the 

secondary electron emission from iron, nickel and molybdenum 
surfaces under bombardment by a stream of electrons have been described 
by the author. The results of a similar investigation of the secondary 
emission from tungsten, copper and gold are given in the present paper. 

The method used is described in detail in the previous paper. Electrons 
from a hot filament were drawn through openings in a series of dia- 
phragms by a field V; of 0-1500 volts. The stream of electrons thus 
formed struck a plate P of the metal which was being studied and any 
electrons reflected from P or emitted as secondary electrons were drawn 
by a small field V; to a nickel cylinder C which almost entirely surrounded 
P. The current J, to C and the total current J. striking the plate P were 
measured by two galvanometers; the ratio I,/J: gives the number of 
secondary electrons emitted per primary electron striking the plate. 
This ratio was plotted as ordinate against the accelerating field V; in 
volts as abscissa. The curves obtained show breaks or places of rapid 
change of slope at fairly definite velocities of impact. The same pre- 
cautions as in the earlier work were taken to secure high vacua, and to 
ensure target surfaces free from occluded gases. 


RESULTS 


The results obtained were, in general, less-satisfactory as to absolute 
values of I,/I, than were those given in the earlier papers. These later 


‘RR. L. Petry, Phys. Rev. 26, 346 (1925). 
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runs were taken when somewhat larger leakage currents could not be 
avoided because of greater humidity. 

Curve 1, Fig. 1,.shows the variation of J,/I2 with velocity of impact 
up to 700 volts, for copper after heat treatment. Curve 2 gives similar 
data for tungsten up to 700 volts and curve 3 for gold up to 300 volts. 
Tungsten reached a maximum value of J,/J2 of 1.45 secondary electrons 
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Fig. 1. Number of secondary electrons emitted per primary electron. 
0-700 volts, after heat treatment. Curve 1, Cu; Curve 2, W; Curve 3, Au. 


per primary electron at about 700 volts. Copper reached a maximum 
ratio of 1.32 at 240 volts while the maximum value for gold was 1.14 
at 330 volts. Only a few runs for gold were taken and not as much weight 
can be attached to these results as to those for the other metals. 

Curve 1, Fig. 2, shows the region 0-25 volts for copper; curve 2, the 
same region for tungsten; curve 3, results for gold in the same region. 
All the curves for tungsten up to 25 volts had the same form but showed 
only fair agreement as to critical voltages. Four very similar curves, of 
the form of curve 1, were obtained for copper but in later runs over the 
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same region the maxima and minima practically disappeared. Farns- 
worth? has given curves for copper similar to curve 1 and has found that 
continued heating of the target near the melting point caused the maxima 
and minima to be smoothed out; this he attributes to a change in crystal 
structure. 
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Fig. 2. Secondary emission curves, 0-25 volts. Curve 1, Cu; Curve 2, W; Curve 3, Au. 


The first column of Table I gives the critical potentials for secondary 
emission from tungsten as indicated by the data obtained. The voltage 
correction to be added to V; because of initial velocity of emission of the 

* H. E. Farnsworth, Phys. Rev. 25, 41 (1925). 
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primary electrons and because of voltage drop across the filament has 
been determined experimentally to be 0.5 volt, while 4.5 volts have been 


TABLE I 
Critical primary potentials for tungsten 





Critical potential Weight factor Sign Soft x-ray levels 
(volts) (Richardson & Calklin) 


11.0 
14.0 
17.1 
25.2 
29.3 
40.5 


46.0 
89.5 


271.5 
700—maximum value of I, /I, 
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(4 values omitted) 
263.7 





added for the work function and contact difference of potential, following 
the suggestion of Richardson and Calklin.* The second column gives an 
evaluation of the importance of the break based on intensity and on 
definiteness of location. The third column shows whether the break was 
due to an increase of slope (+) or a decrease (—). The fourth column 
gives results for soft x-ray levels for tungsten observed by Richardson 
and Calklin.* 

Table II gives results for copper; 5.2 volts have been added to V; 
as the total correction. The fourth column gives results obtained by 


TABLE II ° 
Critical primary potentials for copper 





Critical potential Weight factor Sign Soft x-ray levels 
(volts) (Thomas) 


7.8 10.3 
12.6 12.3 
14.2 

16.8 15.7 
19.5 19.0 
20.7 

23.8 23.8 
25.5? 

, 33.7 
39.0 37.5 





56.9 


40.0 
(4 values omitted) 
53.8 


62.0, 64.5 
73.5 1 74.0 
240—maximum value of I,/I, 





* Richardson and Calklin, Proc. Roy. Soc. A110, 247 (1926). 
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Thomas‘ for soft x-ray critical potentials for copper. Table III gives 
results for gold; 5.4 volts have been added to V; as the total correction. 


TABLE III 
Critical primary potentials for gold 





Critical potential Weight factor Sign 
(volts) 


15.5 
21.0 
23.2 
31.5 
43.7 
330—maximum value for I,/I2 








The agreement observed between curves in the present work is such 
as to suggest that breaks obtained, even at the higher voltages, represent 
true critical potentials in secondary emission. However, there is little 
evidence of a correspondence between these critical potentials and soft 
x-ray levels. From a study of secondary emission from iron with ap- 
paratus of three types Farnsworth’ has concluded that breaks for iron 
above about 12 volts vary with several factors and consequently do not 
represent critical potentials for secondary emission. 

The author wishes to express his indebtedness to Professor K. T. 
Compton for his interest and helpful suggestions in this work. 


ROANOKE COLLEGE 
SALEM, VIRGINIA. 
April 28, 1926. 


‘C. H. Thomas, Phys. Rev. 26, 739 (1925). 
* H. E. Farnsworth, Phys. Rev. 27, 419 (1926). 
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ON THE TRANSMISSION OF LOW VELOCITY ELECTRONS 
THROUGH THIN METALLIC FOILS 


By T. Kurtcuatov and K. SINELNIKOV 


ABSTRACT 


In a recent paper Hartig showed that electrons having a velocity ranging 
from 2 volts upwards can be transmitted through aluminum foils of a thickness 
of 3 and even 9x. Hartig tested his foils for holes in transmitted light. It is 
here shown that: (1) Foils showing no holes in transmitted light may show 
holes when tested with water. (2) Whereas Hartig’s results can be confirmed 
with foils tested only in transmitted light, they are not confirmed in foils 
showing no holes in water. No electrons are transmitted in this case. (3) Har- 
tig’s results can be produced artificially by making holes in foils. Manifold 
reflections of electrons considered in the light of the experiments of Bayer, 
Hull, Lukirsky and Semenoff are given as an explanation of Hartig’s results. 


[* a recent paper! on the transmission of low velocity electrons through 
foils Hartig has shown that even comparatively slow electrons (be- 
ginning at 2 volts) can be transmitted through aluminum foils of a 
thickness of 3 and even 9u. The study of the distribution of velocities of 
the electrons transmitted through the foil led Hartig to the conclusion 


that the maximum velocity which they can reach does not exceed 10-15 
volts and does not depend upon the velocity of the primary electrons, 
which in some cases is as high as 1545 volts. Considering further the ratio 
of the secondary to the primary current in connection with the primary 
one he noticed a distinct maximum at an accelerating potential of 8-10 
volts. 


Hartig does not admit that holes exist in the foil, because he examined 
every piece of foil he used in transmitted light, and the distribution of 
velocities of the electrons transmitted through the foil confirms, according 
to Hartig, the perfect uniformity of the foil. 

We have reproduced Hartig’s experiments in order to study the above- 
mentioned phenomena. The arrangement was the following: (Fig. 1) a 
brass cylinder a was closely fitted on a glass tube C and placed inside a 
glass vessel with an adjusted cork. The tube C was closed at one end 
by the foil c which was to be examined. At the top of the tube C a quartz 
tube d was adjusted, through which a copper wire e 7 mm in diameter 
was inserted to a distance of 1 mm from the foil. In front of the tube 
with the foil a tungsten filament, covered with thorium, f, was placed. 
The glass vessel was exhausted to 10-° mm by means of a Gaede “‘Kapsel- 


1 Hartig, Phys. Rev. 26, 221 (1925). 
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pumpe” and a Langmuir pump and the remaining mercury vapour was 
condensed by means of liquid air. 

The current between the filament and the foil was measured by means 
of a Moller’s galvanometer and the current produced by the electrons, 











Fig. 1. Diagram of tube used. 


which were transmitted through the foil was measured by means of a 
Lutz-Edelmann string electrometer. The sensitivity of the electrometer 
was 150 divisions per volt; the capacity of the system being 10 cm, 
currents up to 10-" amperes could be measured. The foil as well as the 


emitting filament were connected with potentiometers R; and Rez and 
batteries B, and Be. (See Fig. 2.) 














Fig. 2. Electrical connections. 


The foil was examined as to the absence of holes in the same way as 
was done by Hartig, i.e., by investigation in transmitted light. In most 
cases Our curves were quite similar to his. 

But we considered such an examination of the foil to be insufficient 
and we used another method, namely: The end of the tube with the 
adjusted foil was immersed in a liquid, and air was blown carefully in 
the tube. A foil, perfect from the first point of view, showed minute holes. 
Experiments carried out with coils, found free from holes as tested by 
the new method, gave entirely different results. No electrons were trans- 
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mitted through the foil, although the intensity of the emitting ray was 
in some experiments as high as 15 milliamperes. : 

These experiments prove that slow electrons do not penetrate through 
the foils of these thicknesses and Hartig’s results, as well as our previous 
ones, can be explained only if we admit the existence of small holes in 
the foil. 

However, the distribution of velocities of electrons transmitted 
through the foil, seems to contradict such a statement. We therefore 
undertook a series of experiments with specially perforated foils. 


Fig. 3. Retarding potential between foil and anode for constant potential between 
filament and anode indicated on curves. Dotted line for constant potential between 
filament and film. 























0 ry) 20 ~V 





Fig. 4. Accelerating field between filament and foil for anode being at 
+30 volts with respect to filament. 


In an aluminum foil of 3.54 thickness a small hole was made in front 
of the center of the electrode. With a negatively. charged tungsten 
filament and a positive charge on the foil we were able to create between 
the filament and the foil definite accelerating fields, and between the foil 
and the receiving plate retarding fields and thus control the velocities of 
the transmitted electrons. The curves of the distribution of velocities of 
such electrons are given on Fig. 3. They are identical with those of 
Hartig, except that the current becomes constant not at zero, as in 
Hartig’s case, but at a certain positive or negative value. This value 
seems to depend upon some effect of space charge. It changes with the 
size of the apparatus and with the intensity of the primary ray. 
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Measurements of the total electron current through the foil were made 
by Hartig’s method, with an accelerating field of 30 volts, between the 
foil and the receiving plate. A maximum at 8-12 volts is easily observed. 
The corresponding curves are given in Fig. 4. They are also similar to 
Hartig’s curves. There could be no formation of ions, the apparatus being 
perfectly vacuum-tight. 

We have therefore definitely proved by our experiments that the 
phenomena which we have observed as well as Hartig’s, are produced by 
reflection and the emission of secondary electrons from the receiving 
plate. The results of experiments with the previous.scheme, but with a 
smoked plate, confirm this idea. It is well known that the reflection and 
the emission of secondary electrons is extremely small in the limits of the 


Fig. 5. Retarding field between foil and anode for a constant accelerating 
field between filament and foil indicated on the curves. 


speeds we have dealt with. Fig. 5 gives “the distribution of velocities”’ 
for the same foil and under the same conditions as the curves in Fig. 3 
were plotted; the only difference is that the receiving plate was covered 
with soot. The figure shows that no critical velocity is observed under 
such conditions. The sharp break at the beginning of the curve with a 
100 volt accelerating field can be attributed to defects in the layer of 
soot or to a slight reflection from carbon. 

As to the charge of the receiving plate, it does not pass through the 
zero point, as we and also Hartig usually observed with the clean receiving 
plate. Hartig attributes this positive current to photo-electrons trans- 
mitted through the foil, which were produced at the back of the foil by 
x-ray, due to primary electrons, (the same explanation is given for very 
soft x-rays of 4-8 volts and even for the ultraviolet part of the spectrum). 
From our point of view the positive current is easily explained by a great 
many low velocity electrons. : 
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The experiments of Bayer,’ Hull,’ and Lukirsky and Semenoff* have 
shown that the dispersion constant (the ratio of electrons emitted from 
the surface to the primary ones) varies with the velocities of the primaries 
diminishes with the increase of velocity, reaches a minimum at 10-11 
volts and then increases rapidly, becoming greater than 1 at 20-30 volts. 

It is evident that since the distances between the foil and the receiving 
plate were very small in Hartig’s and our experiments, the electrons can 
have been reflected several times from the plate and from the back side 
of the foil. 

These manifold reflections are very likely responsible for Hartig’s 
curves. Indeed, the retarding potential between the receiving plate and 
the foil acts as an accelerating field on the reflected electrons; when the 
retarding potential varies from 8 to 11 volts the reflecting conditions 
from the back side of the foil vary considerably. It has been shown‘ 
that under such conditions the reflected ray consists nearly entirely of 
very slow secondary electrons, their velocities being not greater than 
2.3 volts. These electrons cannot reach the receiving plate and the current 
diminishes rapidly. To verify these considerations experiments have 
been made with a polished receiving plate and with a foil covered with 
soot at the back side. Such conditions secured a complete absorption 
of electrons reflected from the receiving plate. 

Measurements have shown that the receiving plate is charged positively 
at speeds exceeding 30 volts and this charge is practically independent 
of the value of the retarding potential between the plate and the foil. 
This is certainly due to anearly complete absorption of electrons reflected 
from the receiving plate. 

On the curve of Figure 4 the total number of electrons transmitted 
through the foil is plotted against the accelerating potential. The 
minimum of the curve can be explained as corresponding to the 
minimum of a mean reflection coefficient of all kinds of electrons emitted 
from the receiving plate and reflected from the back side of the foil. 
In this case the mean value of the reflection coefficient is important 
because, with the existing accelerating potential between the foil and the 
receiving plate, electrons are also reflected with low velocities and they 
have to be taken in account as well. 

Most of the details of Hartig’s curves at high accelerating potentials 
are probably due to an x-ray effect produced at the receiving plate by 
electrons, transmitted through the holes in the foil. 


Tue State Puysico-TecunicaL X-Ray INsTITUTE, 
LENINGRAD, : 


November 16, 1925. 
? Bayer, Phys. Zeits. 10, 168 (1909). * Hull, Phys. Rev. 7, 1 (1916). 


‘ Lukirsky, P. and Semenoff, N. Journ. of the Russ. Phys.-Chem. Soc. Physical 
part, LV, 107 (1923). 
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THE MOBILITY OF ACETYLENE IONS IN AIR 


By Henry A. ERIKSON 


ABSTRACT 


The mobilities in air of the positive and negative ions produced in acetylene 
by means of the alpha-rays from polonium have been measured by means of a 
blast method. It is found that in acetylene, as in air, carbon dioxide, hydrogen, 
and argon, only one negative ion is formed. This ion has the same mobility in 
air as have the negative ions formed in the other gases referred to. On the other 
hand, the positive ion formed in acetylene differs from those formed in the other 
gases in that it does not, at least up to an age of one second, change over into a 
more stable ion of smaller mobility. The positive ion of acetylene has a mo- 
bility slightly less than that of the negative ion and in this respect resembles the 
initial positive ion of hydrogen. The initial positive ions in air, carbon dioxide 
and argon have the same mobility as have the negative ions of these gases. It 
is also found that a neutral acetylene molecule is able to take up the charge of 
the final positive ion formed in air and in nitrogen. The resulting positive ion 
has the same mobility in air as the normal positive acetylene ion. This indicates 
that the process is of the nature of an electron interchange rather than a chemi- 
cal oxidation effect. 


IS EARLIER investigations! it was found that in air, carbon dioxide, 

hydrogen and argon, only one negative ion exists normally and its 
mobility in air is 1.87 cm/sec per volt/cm. It was also found that in these 
gases there is an initial positive ion which, except in hydrogen, has the — 
same mobility in air as the negative ion and which in the course of an 
interval of the order of 1/50 sec. changes into a final positive ion which 
has a mobility of 1.36. According to the author’s view the negative and 
the initial positive ions are each one molecule large and the final positive 
ion is two molecules large. 

The results also indicate that although the final two molecule positive 
ion has a marked stability, nevertheless it does meet with conditions 
which cause it to disintegrate. The final positive ion may also become 
attached to other neutral molecules forming structures which are very 
unstable. 

At the suggestion of Dr. S. C. Lind, the writer has investigated the ions 
formed in acetylene under the action of the alpha-rays from polonium. 
It was thought that a comparison of these ions with the very definite 
air ions would be of interest. This comparison was made through the 
measurement of the mobility of the acetylene ions in air at atmospheric 
pressure. 

1 Erikson, Phys. Rev. 20, 117, (1922); 24, 502 and 622 (1924); 26, 465; 26, 625; 
26, 629 (1925). 

Wahlin, Phys. Rev. 20, 267 (1922). 
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The arrangement of the apparatus was as shown in Fig. 1. A closed 
tank C, Fig. 1, was kept filled at about atmospheric pressure with 
acetylene gas from a commercial supply cylinder. From the tank C the 
acetylene passed through a tube about one meter long and 3.75 sq. cm 
cross-section, the tube terminating at E where the cross-section was 
1/4X1.5 cm. From this tube the acetylene entered the space between 
two parallel plates A and.B which were 5 cm wide and 3.5 cm apart and 
between which air was drawn by means of the fan H. In the plate B was 
an insulated strip F which was connected to an electrometer. The 
polonium was placed at points 1, 2, 3, etc., thus giving at E consecutively 
ions of different ages. These ions, passing from the tube at E, became 
subject to the electric field between A and B, those of one sign being 
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Fig. 1. Diagram of apparatus. 


























drawn to A and the other driven across the air stream to plate B. The 
tank C and tube were movable so that the down stream distance (d) 
from E to F could be altered. By plotting the ionic current to F against 
the distance d a curve is obtained the down stream distance of whose 
maximum depends upon the mobility of the ions. The velocity of the 
air stream was of the order of 1900 cm/sec. and the difference of potential 
between the plates A and B was of the order of 5000 volts. 

In Fig. 2, curves A and B show the results obtained in the case of the 
acetylene ions when the polonium was placed at position 1. A is for the 
negative ions and B for the positive. Curves C and D are for the air ions 
and were obtained by passing air through the tube instead of acetylene, 
the conditions otherwise being identical. 

The positive air ion curve D shows that the ion age for position 1 is a 
little too great to give the initial positive air ion alone. The curve has 
built out on the down stream side because of the presence of the final and 
slower positive air ion. It is definitely known that curves C and D would 
coincide if the ions were so young that only the initial positive ions were 
present. Curves A and B show that for this age only one negative 
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acetylene and one positive acetylene ion are present. It is seen that the 
curve A for the negative acetylene ion and the curve C for the negative 
air ion coincide showing that these two ions have the same mobility in 
air. It is also seen that the positive acetylene ion has a mobility in air 
which is a little less than that of the negative acetylene or negative air 
ion. In earlier work it was found that in air,CO:, and A, the negative and 
the initial positive ions, have identical velocities in air, but that in the 
case of hydrogen the initial positive ion has a slightly less mobility. 
Acetylene thus shows the same characteristic in this regard as does 
hydrogen. The writer has as yet found no satisfactory explanation for 
this difference. 
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Figs. 2, 3, 4,5. Curves comparing the acetylene ions with air ions. 


The results for the polonium at position 2, Fig. 1, are shown in Fig. 3 
and involve ions of an increased age. Curves E and F are for the acetylene 
ions and G and H for the air ions. It is seen that there has been no change 
in the acetylene ions. The same is true of the negative air ion. Curve H 
shows, however, that the larger part of the initial positive air ions have 
had time to change over into the final positive air ion. 

The curves in Fig. 4 are for the polonium at point 4, Fig. 1. The 
acetylene curves J and J show no change. From the air curves K and L 
it is seen that the negative air ion remains unchanged and of the same 
mobility as the negative acetylene ion. The positive air ions have now 
however, gone completely over into the final positive ion in contrast to 
the positive acetylene ion which is unchanged. 

With the polonium at point 7, which was 99 cm from E the results 
obtained are shown in Fig. 5. It is seen that the ions have undergone 
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no further change from those for point 4. These ions have now an age 
of the order of one second. In this as in previous work, the great con- 
stancy of the negative ions is outstanding. The constancy of the positive 
acetylene ion is also very outstanding as compared with the positive air 
ion. The fact that the mobility of this ion is nearly that of the initial 
positive ions in other gases leads to the inference that it is one molecule 
large. If this be the case, it shows a very marked aversion to union with 
another neutral acetylene molecule. It may be, however, that the 
attraction of a positive acetylene ion for another neutral acetylene 
molecule is so great that a union is formed so quickly that the first stage 
cannot be detected with the present apparatus. If, however, this be the 
case, then since the mobility does not appreciably change, the result of 
the union must be a natural molecular structure instead of a bimolecular 
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Fig. 6. Curves showing the effect of diminishing the amount of acetylene in the 
ionized acetylene-air mixture. 


artificial cluster such as the final positive air ion. Earlier results have 
shown that all natural molecules singly charged have, at least very 
nearly, the same mobility in air, the mass having practically no effect. 

By mixing air and acetylene it should be possible to detect the presence 
of both the positive acetylene ion and the final positive air ions as their 
mobilities are sufficiently different. By means of a blower air was forced 
into the acetylene in the tube passing to the tank C, Fig. 1. The results 
for different proportions are shown in Fig. 6. Both the air and the 
acetylene were ionized. The polonium was placed at point 7, Fig. 1. It is 
seen that the air ion does not come into evidence until the amount of 
acetylene has been reduced to about 10 percent of the whole. This must 
mean’ that a neutral acetylene molecule takes up the charge of the 
positive air ion. 

In the above, the mixture was acted upon by the rays so that both 
acetylene and air ions were formed. Fig. 7 shows the result when 10 per- 
cent of acetylene is mixed with the ionized air, the acetylene not being 
itself acted upon by the rays. The polonium was at point 7, Fig. 1. The 
acetylene was admitted from a side tube immediately on the down stream 
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side from the polonium. In order to obtain a close comparison, readings 
were taken alternately with and without the acetylene. In Fig. 7, curves 
A and B are for the acetylene-air mixture, and curves C and D are for air 
only. It is seen that while the negative ions remain identical in mo- 
bility, the final positive ions disappear when acetylene is admitted. The 
acetylene presumably takes up the charge of the positive two molecule air 
ion. This undoubtedly is accomplished by the acetylene molecule giving 
up an electron to the air ion. 
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Fig. 7. Curves showing the effect of admitting 10% acetylene to ionized air. 


In order to get an indication as to the speed with which the acetylene 
takes up the charge, the acetylene was admitted at different down stream 
points. The results are shown in Fig. 8, and are for a 10 percent acetylene- 
air mixture. The polonium was placed at point 7. Curves A, C, E, G, J, 
are for the positive ions when the acetylene was admitted respectively 
at points 1, 2, 3, 4, 6 and curves B, D, F, H, J are for the positive air ions 
alone. Curves WN show the position of the negative. It is seen that the 
acetylene curve overlaps more nearly the air curve for position one than it 
does for the other positions. The final positive air ion disappears as the 
acetylene is given more time to act. The half value period apparently is 
of the order of three tenths second in the case of a 10 percent mixture. 

In order to determine if the transfer of the positive charge may also 
take place from the acetylene to the air, the acetylene was ionized and 
admitted at point 6, Fig. 1, to the air passing through the tube. About 
10 percent of ionized acetylene was used. As was to be expected, the 
results give no indication that the positive acetylene ion gives up its 
charge to form a final air ion. 

The question whether the apparent transfer is due to a chemical union 
between the acetylene and oxygen is of course pertinent. In order to 
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obtain evidence on this point a mixture of acetylene and nitrogen was 
used. Ionized nitrogen (99.9 pure) was passed through the tube. About 
10 percent of non-ionized acetylene was admitted from a side tube. 
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Fig. 8. Curves showing the effect of increasing the length of time the 
acetylene is mixed with ionized air. 


‘The results are shown in Fig. 9. Curves A and B are for the acetylene- 
ionized nitrogen mixture, curves C and D are for ionized nitrogen only. 
It is seen that as quickly as neutral acetylene is admitted the positive 


nitrogen ion disappears and a positive ion appears which has the position 
of the positive acetylene ion. 
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Fig. 9. Curves showing the effect of acetylene on nitrogen ions. 
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A REPETITION OF THE TROUTON-NOBLE ETHER 
DRIFT EXPERIMENT 


By Cart T. CHASE 


ABSTRACT 


Experimental reasons are given showing that previous failures of this experi- 
ment to detect motion of the earth in the ether have not been conclusive. The 
experiment has been repeated with apparatus free from the sources of error de- 
scribed and sufficiently sensitive to detect a motion in the ether of 4 km/sec. 
No such motion was found. 


INTRODUCTION 


F A parallel plate condenser, moving with respect to a stationary ether, 

is charged, it can be shown! that under certain conditions there will 
exist a couple tending to rotate the condenser. If the condenser is sus- 
pended by means of a delicate fiber in such a manner that the plates are 
in a vertical plane, the couple will be given by the expression 


K =3CV°6sin2ysin°Z 


where C is the capacity of the condenser; V, the potential to which it is 
charged; 8, the ratio of the velocity of the moving condenser to the 
velocity of light; y, the angle between the direction of motion and the 
plane of the plates; and Z the angle between the direction of motion and 
the suspending fiber (the zenith distance). The couple is a maximum 
when ~=45° and Z=90°. Knowing the elastic constants of the fiber, 
the rotation that will be produced by this couple can easily be computed. 

There are some who maintain that the right side of this expression 
should still be divided by the dielectric constant of the dielectric used 
in the condenser. The effect of such a factor on the sensitivity of the 
apparatus will be considered later in connection with the experimental 
observations. 


DISCUSSION OF PREVIOUS RESULTS 


The first attempt to detect this turning of the condenser was made 
about 1902 by Trouton and Noble,? who looked for the effect due to the 
orbital velocity of the earth combined with the proper motion of the 
solar system. Their experiment gave what was at that time considered 
a negative result; there was no effect of the size that they sought. How- 
ever, in view of the recent more accurate performances of the Michelson- 

1 Fitzgerald & Lorentz, Scientific papers, p. 556. 
Lorentz, Proc. Acad. Amst., 6, 809 (1904). 
Laue, Ann. d. Phys., 38, 370 (1912). 


Kennard, Bull. Nat. Res. Council, Dec. 1922. 
? Trouton and Noble, Proc. Roy. Soc., 1903. 
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Morley experiment by D. C. Miller* and the velocity of 10 km/sec that 
seems to be measurable, it became desirable to repeat this experiment, 
using more sensitive apparatus and continuing the observations over 
longer periods of time, to see just how negative the results of Trouton 
and Noble really were. They observed merely a few deflections each 
time the experiment was tried. 

The experiment was also performed by Tomaschek‘ in 1925 with 
apparatus apparently having sufficient sensitivity to detect a motion of 
10 km/sec and no motion was observed. However, it has been found that 
there were serious sources of error in the apparatus that would have 
produced a negative result in any case. The arrangement consisted 
essentially of a condenser surrounded by metallic shielding and suspended 
on a wire of phosphor-bronze, 50 cm long and .0015 cm in diameter. 
Since two connections are necessary to charge the condenser, a fine wire 
connected to the bottom of the condenser and dipping into a solution 
of sulfuric acid served as the second electrical connection. The period 
of the swinging condenser was 8 minutes, such a large period being caused 
chiefly by the great mass of shielding that was used. This was at a 
considerable distance from the axis of the suspension and had a large 
moment of inertia. 

A similar arrangement was set up by the author in order to determine 
whether the surface tension of the liquid, which was suspected of exerting 
frictional forces on the submerged wire, would cause any frictional couple 
comparable in size to the couple that would result from a motion in the 
ether. A suspended system of condenser and shielding was used having 
a small moment of inertia and a period of 80 seconds when hung on a 
phosphor-bronze wire 90 cm long and .0015 cm in diameter. A fine wire 
attached to the bottom of the condenser dipped 2 mm below the surface 
of a dilute solution of salt in water. It was found that when the condenser 
was initially at rest, the top of the suspending wire could be turned 
through two or three complete revolutions without any resulting motion 
of the condenser. Clearly, then, there were frictional forces in the liquid 
surface that would prevent any rotation of the size computed for a 
velocity in the ether of 10 km/sec (a few degrees at most). By bodily 
disturbing the condenser, it could be made to oscillate, but only about 
some position of equilibrium determined by the horizontal forces exerted 
on the submerged wire by the surface tension, pulling the wire to one 
side or another depending on the initial adjustment. To remove the 
condenser from such a position of equilibrium it was always necessary 
to turn the top of the suspending wire through several revolutions. 


* D. C. Miller, Science, Apr. 30, 1926. 
*'R. Tomaschek, Ann. d. Phys., 78, 743, (1925). 
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The condenser used by Tomaschek was charged by means of a small 
static machine, the voltage being read on a Braun electrometer. It is 
difficult to see how the potential could have been kept at all constant 
with such an arrangement. This would be extremely important, since 
rotations of the condenser due to electrostatic forces were always present, 
and could not be accurately allowed for unless the potential was kept 
constant. 


DESCRIPTION OF APPARATUS 


In the present apparatus, the two sources of error described above 
were eliminated in the following way. The lower connection to the 
condenser consisted of a duplicate of the upper suspension, each being of 
phosphor-bronze, 90 cm long and .0015 cm in dia- 
meter. The potential was supplied by a generator 
in series with batteries, was read by means of a 
voltmeter, and was kept constant to a half of one 
percent, the limit of accuracy of the calibration of 
the voltmeter scale. The potential was 600 volts. 
During the whole time that the condenser was 
charged, it was continuously connected to the 
source of potential, thus preventing any change 
of conditions that would result if the charge leaked 
away and the potential decreased. 

The condenser was built up of mica discs 
4.003 cm and aluminum discs 2.003 cm pro- 
vided with connecting tabs 2mm wide. Sixty such 
elements were assembled in a press, with connect- 




















ing tabs brought out on opposite sides; the whole 
was boiled in paraffin and the condenser allowed to 
cool under pressure. The thickness was 3 mm, 


Fig. 1. Diagram of the weight 10 grams, the measured capacity .04 
apparatus 





microfarad. 

The experimental arrangement is shown in Fig. 1. The condenser is 
completely enclosed by a steel cylinder 23 cm long, 9 cm inside diameter, 
with walls 13 cm thick. Besides serving as an excellent electrostatic shield, 
the large heat capacity of the steel eliminated all disturbances from 
convection currents except under such extreme temperature conditions 
as could easily be avoided. The cylinder was provided with caps of brass 
1 cm thick. The suspensions were supported and enclosed by brass tubes 
1 m long and 2 cm in diameter. The condenser was closely wrapped with 
a layer of aluminum foil for an electrostatic shield, the area of the 
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metallic plates being completely covered. The foil coating was connected 
to the lower terminal of the condenser, a small space being left around the 
upper terminal. The lower terminal was connected to the case through 
the lower suspension. A small mirror for observing deflections was fixed 
to a piece of 16 aluminum wire, one end of wh ich was securely fastened 
to the lower terminal of the condenser, the other end holding the lower 
phosphor-bronze wire. In order not to disturb the symmetry around the 
condenser, the mirror was placed below the steel cylinder in the lower 
brass tube, and could be seen through a small hole in this tube, the hole 
being covered by mica to prevent the entrance of air currents. Insulation 
of the upper suspension was effected by a cylinder of paraffin, and means 
were provided for adjusting the two suspensions. The period of oscillation 
of the condenser was 40 seconds, and when set oscillating it would con- 
tinue for from 20 to 30 minutes. 

Thus it will be seen that conditions inside the cylinder were very 
symmetrical. The metallic covering of the condenser, the mirror, and 
the case were all at the same potential, the only parts at high potential 
with respect to the case being the upper suspending wire and the upper 
terminal of the condenser (and of course the condenser plates, but these 
were completely covered by the foil coat). The upper brass tube was 


accurately concentric with the steel cylinder. In this way electrostatic 
disturbances were reduced to a minimum. 


METHOD OF OBSERVATION 


Observations were made every five minutes for twenty-four consecutive 
hours in the following manner. The condenser is initially uncharged and 
swinging. Five consecutive turning points are taken, reading to tenths 
of millimeters the position of a galvanometer lamp image thrown on a 
ground glass scale by the mirror attached to the condenser. The scale 
distance was 2 m. The image was always sharp and accurate readings 
were easy to make. These five turning points were averaged to obtain a 
single “resting point.”” The condenser was then charged, allowed to swing 
for two or three minutes to overcome any possible shock or effect of a 
ballistic throw caused by the sudden charging, and five more turning 
points observed. Care was taken to have observations equally spaced in 
time so that any drift of the zero position on the scale could be accurately 
allowed for. 

Thus one resting point was obtained for each five minutes during the 
run, alternately with the condenser charged and uncharged. To obtain 
the deflections resulting from charging the condenser, any three con- 
secutive resting points were taken, say two for the condenser uncharged 
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and one for the condenser charged. The mean of the two uncharged 
positions was subtracted from the charged position; thus any zero drift 
was eliminated. For the next deflection, two charged positions and one 
uncharged position were used, and so on, obtaining one deflection for 
each five minutes during the run. The temperature was read once every 
hour. The total change in temperature was never more than one degree 
and often much less. 
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Fig. 2. The points are observed deflections. The solid curve is computed for a 
velocity of 9 km/sec toward a point whose right ascension is 260° and whose 
declination is +65°. 


RESULTS 


The deflections observed during two runs are plotted in Figs. 2 and 3, 
and for comparison a curve is computed for the velocity that Miller 
obtains, and is plotted in the same diagrams; the vertical distance from 
maximum to minimum of this curve corresponds to a deflection of 28 mm. 
The deflections that are at first apparent are due to electrostatic forces 
and depend on the initial adjustment of the apparatus (level, etc.) but 
are constant as long as these adjustments are unchanged. The downward 
trend of the observed points is due to elastic fatigue in the suspending 
wires. Lord Kelvin has shown that if a system is suspended on a wire 
and made to oscillate continuously about the axis of the wire, it becomes 
increasingly difficult for a given force to produce a given twist in the wire; 
in other words, the wire becomes stiffer. If the wire is allowed to rest for 
a time, it regains its original elastic properties. In the present experiment 
the condenser makes over two thousand oscillations during a single run. 
The downward trend of the observed points appeared in every curve 
that was taken, the slope depending on the amplitude of oscillation. In 
one case where the amplitude was relatively large the slope was about 
30°. Changes of slope always occur simultaneously with changes in 
temperature. 
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There is no periodic change in the size of the deflections that is the 
same on any two curves. Sometimes a small maximum will occur at a 
given time, sometimes a small minimum, and often there will be no sign 
of either. Such maxima or minima as do occur correspond to a velocity 
of not more than 2 km/sec, and there is nothing periodic or systematic 
about such deviations. The mean of several runs is nearly a straight line, 
with no deviations corresponding to a velocity greater than 1 km/sec. 
If the size of the deflections must be divided by the dielectric constant 
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Fig. 3. Same as Fig. 2 but for a different date. 


as mentioned in the introduction, the greatest velocity that could remain 
undetected in any one run of twenty-four hours would be 5.5 km/sec, 
and in the mean of several runs, 4 km/sec. 


CONCLUSION 


Thus the experiment has been repeated with the elimination of sources 
of error that have previously prevailed, and under more controllable 
conditions than have heretofore been obtained. The apparatus could 
detect a motion relative to the ether of 4 km/sec and no evidence of such 
a motion is found. 

The author wishes to express his thanks to Professor P. S. Epstein and 
Professor S. J. Barnett for advice and suggestions, and to Mr. R. J. 
Kennedy for participating in the rather tedious work of making obser- 
vations. 


NorMAN BripGE LABORATORY OF PHYSICS, 
PASADENA, CALIF. 
May 15, 1926. 
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RELATIVITY AND MILLER’S REPETITION OF THE 
MICHELSON-MORLEY EXPERIMENT 


By LeicH PAGE AND C. M. SPARROW 


ABSTRACT 


It is shown that Miller’s results can be brought into accord with the relativi- 
ty principle by assuming that space is anisotropic to the extent that the velocity 
of light traveling normal to the ecliptic is 16.7 cm/sec less than that of light 
traveling in the plane of the ecliptic. Possible causes of this anistropy are dis- 
cussed, 

Space-time transformations are deduced for such an anisotropic space. 


T THE Washington meeting of the American Physical Society 

(April, 1926), D. C. Miller! reported that his repetition of the 
Michelson-Morley experiment on Mt. Wilson gives a positive result; 
not in the annual effect originally looked for, but a smaller effect having 
the sidereal day as its period. With this conclusion the earlier experiments 
of Morley and Miller, and even the original observations of Michelson 
and Morley are found to be in good agreement. 

This result, generally considered to be a crucial difficulty for the 
theory of relativity, is hardly less formidable to the idea of an absolute 
ether. Expressed as a drift-velocity, the figures indicate a speed of 
10 km/sec nearly normal to the plane of the ecliptic, but in order to 
explain the absence of the annual effect it has been necessary to suppose 
that the solar system is in motion in this direction at a speed of at least 
200 km/sec, so that the annual effect is masked, and that the free “drift”’ 
of the ether is replaced by a partial “slip” of not more than 1/20 the 
total velocity. This brings back the old problem of aberration in prac- 
tically full force, and the case of the ether advocates is better than that 
of the relativists only in that their hypothesis is more flexible. 

When, however, we turn to the actually observed facts, a way out is 
suggested which seems to deserve consideration. It has been too hastily 
assumed that Miller’s positive result must indicate a “drift’’ of some kind. 
What he actually finds is that the time taken for light to make a round 
trip through his mirror systems depends on the orientation of the ap- 
paratus, but it is not necessary to assume that the observed effect is due 
to a motion of any sort on the part of the observer. Had the annual 
effect originally sought been found, the case would indeed be bad for 
the relativists, for an effect which changed its direction with that of the 
_ 1'See D.C. Miller, Science, Apr. 30, 1926, p. 433, for the latest published accounts 
of the experiment. 
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earth’s motion would indicate that motion as its cause. But the result 
actually obtained indicates a fixed preferential direction. Suppose then 
that instead of assuming that a shift of the fringes must represent a 
term proportional to v*/c*, and solving for v, we assume that the velocity 
of light has the same forward and backward value along any line but 
has a slightly smaller value in the preferential direction than at right 
angles to it. That is, space is anisotropic; the preferred direction being 
that indicated by Miller’s observations. 

Let us calculate first the ratio of the velocity of light in the preferential 
direction to that at right angles thereto which would be required to account 
for Miller’s results. On the hypothesis of a stationary ether the difference 
in phase due to a rotation of the interferometer through a right angle, 
expressed as a time, is 


2D 
= (1) 


i= — 

; + 
where D is the length of the two equal arms, and v is the velocity of the 
earth relative to the ether. On the assumption here adopted the velocities 
of light in the two mutually perpendicular directions are different 
although the same in any one direction and its opposite. Let them be 
denoted by c,;=c/a; and c2=c/as. Then 


4D 
t= —-(a,—<a2). (2) 
Cc 


The shift of the fringes is seen to be a first order effect on the present 
theory. Equating (1) and (2) and introducing Miller’s value of }x10~ 
for v/T 


é 
— (a,;—a2) =0.56X10-. 
Cc 


Putting 

€=$ (e+e) o— = aoe 

2 @102 
it follows that 
; @1/d2=02/c,=1+0.56X10-, 
or 
Co—¢C1= 16.7 cm/sec (3) 

is the difference between the velocities of light in the two principal 
directions. Were Miller’s detailed observations available this result 
could have been obtained directly by comparing the observed path 
difference in the two beams with the total length of the light path. 
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The next question to be settled is whether such a difference of velocities 
is consonant with the theory of general relativity. It is difficult to answer 
this question categorically, but there are certain indications that it can 
be brought into accord. Schwarzschild’s solution of the Einstein law of 
gravitation for a single point discontinuity, i.e. 


ds? = — on ie dr? — r2d6? — r*sin*@dg?+ (1—2m/r) dt? 
1—2m/r 

indicates that the velocity of light along r is to the velocity transverse 
tor in the ratio 1—m/r : 1. For the moment it is the size of this difference 
that is of interest. Taking m as the sun’s mass, and 7 as the radius of the 
earth’s orbit we get an effect the magnitude of which is 18 times that 
found by Miller. Considering the effect of the earth’s gravitational field 
at its surface we get an amount of anisotropy a little greater than that 
found by Miller. The point here made is that if our material rods measure 
r the measured velocity of light in a gravitational field is found to be 
anisotropic, and the field required to produce an effect of the observed 
magnitude is relatively small. Unfortunately there are several objections 
to this mode of explanation. In the first place the anisotropy disappears, 
as Hill and Jeffery have shown,? if we make the transformation 


r=(1+m/2r)*r 


which leads to the isotropic expression for ds*:? 


(1—m/2r,)? a 
(1+m/2r,)? 


ds*= —(1+m/2r;)4 (dry2+ 112d0?+ 1,2sin%@dg*) + 


and there is no way of knowing a priori whether our measuring rods 
give r or 7;. The second objection is that the known fields, those of the 
sun and earth, give effects in the wrong direction. It would be necessary 
to assume the presence of a cosmical field much larger than these—a 
hypothetical device strongly resembling the explanation of the result 
in terms of a high velocity and a slipping ether. There is nothing im- 
possible in the assumption of these large fields (or rather potentials), 
however. The known motion of the solar system relative to the fixed 
stars, if accounted for by a single distant attracting center, would require 


* Phil. Mag. 41, 823 (1921). 

* This solution leads to the same values of the advance of Mercury’s perihelion, de- 
flection of a ray of light, and shift toward the red as Schwarzschild’s solution, at least 
to the first approximation. 
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a value of m/r at least equal to half the solar potential, and perhaps many 
times this.‘ 

But the objections here advanced become not so important if we 
ascribe the anisotropy to the constitution of the whole universe; our 
reasoning then becomes merely an extension of the arguments for the 
hypothesis that it is finite. If for instance we take Einstein’s assumption 
of a spherical space, with uniformly distributed matter we would have 
of course no distinction of position or direction. But the distribution 
of matter is not an arbitrary thing, like our space-time coordinates, it is 
absolute, not relative, and if it were non-uniform we should expect the 
asymmetry to be reflected in other natural phenomena, like those of 
mechanics or optics. If the universe has a “‘size,’”? why not a “‘shape’’? 
All that is here suggested is that the hypothesis that Miller’s results 
reveal an actual difference in the velocity of light, and a “preferred’’ 
cosmical direction is not obviously dissonant with the theory of general 
relativity, and deserves serious consideration. 

It seems therefore important to know whether the hypothesis leads 
to any other experimental consequences beside the positive result of 
Miller’s work on which it is based. For this purpose the most direct road 
is to deduce the equations which must replace the Lorentz transforma- 
tions of the special relativity® in a region of space-time so small that it 
may be treated as flat. 


SPACE-TIME TRANSFORMATIONS 


The principle of relativity, in so far as the special theory is concerned, 
requires that an ©* group of reference systems, known as inertial systems, 
shall be indistinguishable one from another. These reference frames are 
characterized by a Euclidean geometry, and have constant velocities 
relative to one another. If the further assumption is made that the 
velocity of light is constant relative to one of these as regards position, 
time and direction, the Lorentz transformations follow. The latter 
hypothesis will now be replaced by the assumption that while the 
measured velocity of light is a constant as regards position and time and 
is the same in two mutually opposite directions, it is not the same in all 
directions in any one system. More specifically, taking the x axis in the 
preferential direction, the line element is taken to be of the form 


‘ Incidentally it is worth noting that Miller’s results show that measured distances 
agree more closely with the coordinates in the Hill-Jeffery solution of Einstein’s equation 
for the sun’s gravitational field than with those in the Schwarzschild solution. 

5 Swann has already suggested that the Lorentz transformations may not hold 
exactly. Science p. 145, Aug. 15, 1925. 
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ds? = a;°d x? + d2*d y?+ a2*dz*—c*dt?. (4) 


In this expression dx, dy, dz denote measured distances. If &, n, ¢ 
designate coordinates in a rectangular coordinate system where 
f=a2, n= dey, f= d2z, 
then : 
ds* = dt?+-dn?+ df? —c*d?*. (5) 
Therefore the Lorentz transformations hold for &, n, £, ¢. Also, if we 
write the space vectors 
eo=if+ijin+k, 
r=ix+jy+kz, 
then 
e= oe r, 
where ¢ is the symmetric dyadic or tensor of the second rank 
®= ait aejjt+ackk. 


We want to find the transformations between a system S and another 
system S’ having a velocity v relative to S in any specified direction. 
Clearly no loss of generality is incurred by assuming v to lie in the xy 
plane. Thus the problem is reduced to one in two dimensions in the space 
coordinates. 

Now if we put ; 

v=1é+sn, 
1 


k= —— , 
V 1—p7/c? 


the Lorentz transformations in &, n, t may be written 


fetlen~ Tet, 
ce 


o -w’=k [o-y—y], 
o’ Xu’ = oXu, 


 £=a)"x*+42%(y?+2"), 
sia 2 7,2 2 
= 2 — p*=4;"xVz + a2" yry, 


= 4102(xvy— yv2), 


= Q170 22+ a2"0,? . 
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(6) 


(7) 


Co? c;? 
x' dy’ — y'v2' = Xy— Wz, (8) 
z'=2, (9) 


where —v,’ and —»,’ are the components of velocity of S relative to S’, 
the x’ axis being taken parallel to the preferential direction of S’. Differ- 
entiating (6) and (7) keeping x and y constant it is seen that 
, 2 2 
oe SS. (10) 
ci? C2? C;? C2? 
Clearly v’? cannot equal v* in general for this would make c,*=c,’. 
Solving (6) and (7) for ¢ and xv,/c;*+ yv,/c2*, the inverse transforma- 
tions are obtained. These are seen to be the same as would be obtained 
from (6) and (7) by interchanging the primed and unprimed letters and 
replacing the negative signs in the left hand members by positive signs. 
If the radius vector is parallel to the relative velocity we can put 


Ve = vcos#, x =rcos8@, 


vy = vsin®@, y=rsiné, 


, 


re. —* =k [roo] 


Ce 





cos’6 “| 
+ 


Cc}? C2? 


x'vy’— y'v,'=0. 


v’cos 6’, 
v’sin 6’, 
Eq. (8’) gives 
sin(6’—a’) =0, =a’, 


showing that 7’ is parallel to v’, and (7’) becomes 





LEIGH PAGE AND C. M. SPARROW 


cos?@’ sin? @’ cos’? sin?@ 
ry! | + | = tfro— v4] + | , 


C1? C2? C;? C2? 





and utilizing (10), Eqs. (6) and (7) may be written 


cos’@ = sin6 
=k [-n( oo )| , (6”’) 
C}? C2? 


“i r 
~ =#[—-+]. (7”) 
v v 

Eqs. (6) to (10) are not sufficient to determine x’, y’, v,’ and v,.’ But 
in the special case where v, =0 symmetry requires that v,’=0 and hence 
v:'=v,. In this case the transformations for the coordinates and time 
x’y’s’t’ in terms of xyzt reduce to the simple Lorentz transformations 
with light velocity c,;. In general, however, it seems impossible to deter- 
mine the preferential direction in system S’ from a knowledge of this 
direction in S and the velocity of S’ relative to S alone. 

The difference between c; and ¢2 as revealed by Miller’s experiments 
is so minute that the anisotropy which it introduces into space would 
seem to produce too slight a modification of the electromagnetic equations 
to be detectable experimentally. Thus the mass of a beta ray travelling 
in the preferential direction with a velocity of 99 percent the mean 
velocity of light would exceed the mass of a beta ray travelling with the 
same velocity in a direction at right angles to the preferential direction 
by less than three parts in one hundred million. It would seem that 
optical experiments of the nature of the Michelson-Morley experiment 
are alone sufficiently delicate to detect the assumed anisotropy. 

A possible cause for the preferential direction found by Miller is 
strongly suggested by the fact that this direction is almost exactly normal 
to the plane of the ecliptic (Miller locates the apex within 6° of the pole 
of the ecliptic). Now with a gravitational field may be associated a field 
at right angles which bears the same relation to it that a magnetic field 
bears to an electric field. So if F is the strength of the sun’s gravitational 
field the strength of the associated field is approximately 


uXF 


c 


As the earth’s orbit is practically plane and nearly circular, this vector 
has a constant magnitude normal to the plane of the ecliptic. So it may 
determine the preferential direction and the ratio c2/c; may be a function 
of its magnitude. If the anisotropy found by Miller is due to the presence 
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of such an associated field, there would be no asymmetry in the velocity 
of light for an observer at rest in the sun’s static field, and the asymmetry 
would be greater the greater the observer’s velocity across the lines of 
force. Interpreted in this manner Miller’s observations would indicate 
a velocity relative to the sun’s static field rather than a velocity relative 
to a hypothetical ether. In the transformations (6) to (9) c; and Cs, 
where referring to the velocity of light in system S’, would have to be 
replaced by new values c,’ and c,’, and if S’ had no motion across the 
lines of force of the sun’s field c;’ and co’ would be equal. 


YALE University (L. P.) 
UNIVERSITY OF VirGINIA (C. M. S.) 
May 25, 1926. 
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ILLUSTRATIONS OF THE DUAL THEORY OF 
METALLIC CONDUCTION 


By Epwin H. Hatt 


ABSTRACT 


The occurrence of a Peltier effect with change of direction within a metal 
crystal, which effect Bridgman has recently noted and which he has considered 
incapable of explanation by any of “our ordinary pictures of electrical con- 
duction,” is readily explained by the dual theory, through a formula pub- 
lished several years ago. Méillikan’s recent announcement that, according 
to experiments and reasoning of his own, most of the conductive electrons 
within metals do not share the energy of thermal agitation, while the ‘“‘thermi- 
ons,” “presumably responsible for the Peltier and thermo-electric effects,” do 
share this energy, tends to confirm views which the author has long held and 
repeatedly expressed. These facts seem to indicate that the time is opportune 
for a more continuous and better illustrated statement of the dual theory of 
metallic conduction than has yet been given. This statement reviews briefly 
what the theory has had to say concerning the Volta effect, Richardson’s deriva- 
tion of his formula for thermionic emission, and the thermo-electric pseudo 
equation P=T dV/dT, applying everywhere the mass law of equilibrium 
between electrons, ions and atoms within a metal. It then undertakes to 
show how the Thomson effect, the Peltier effect, the electric conductivity 
and the thermal conductivity of a given metal may be rationally connected 
by means of a set of six equations containing six constants characteristic of 
the metal, the equations serving for the determination of the constants. It 
shows in particular how a theory of heat conduction, with a definite formula 
for thermal conductivity, grows out of the more fundamental conceptions of 
the dual theory. It applies the machinery of the dual theory to the results 
of Bridgman’s experiments on changes of electrical, thermal and thermo- 
electric properties of metals under high pressure, showing explicitly how the 
corresponding changes of the ‘characteristic constants” can be found and 
what is the nature of these changes in particular instances. Two general results 
of importance appear from this discussion. The first, which was predicted, is 
that, as a rule, compression of a metal reduces the latent heat of the ionization 
process within it. The conception of thermal conductivity as the product, 
in a general way, of electric conductivity and heat of ionization, goes far to 
explain why the two conductivities, though so closely related, are so differently 
affected by certain changes of condition. The second general conclusion from 
the study of Bridgman’s data is that, contrary to expectation, compression of a 
metal increases, as a rule, the ratio of free-electron conductivity to total 
electric conductivity. This evidence seems to give support to the idea, already 
familiar, that the free electrons may go through, not necessarily between, the 
atoms in their progress through a metal. This conception, taken with the 
consideration that latent heat of ionization diminishes with fall of temperature, 
suggests that the supraconductive state may be one in which the distinction 
- between “free” electrons and “‘associated’’ electrons disappears, the metal 
being, as regards all the conductive electrons, in a state of flux. 
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The theory here set forth, if it is to account for the whole of thermal con- 
duction in metals, appears to require the. heat of ionization within a metal to 
increase with increase of temperature, even when expansion is prevented by 
increase of pressure. 

The dual theory indicates that photo-electric emission should be nearly in- 
dependent of temperature but suggests the following revision of Richardson's 
thermionic emission formula, a being a constant: 


' —be aT —be , —(be—aT) 
t= AT VER =AT 6 *e TET =A'T 26 T 
INTRODUCTION 


N THE Proceedings of the National Academy of Sciences for October, 

1925, on page 611 my colleague Professor Bridgman, after stating that 
he has discovered a Peltier heat effect within metal crystals, remarks, 
“The mere existence of an internal Peltier heat would seem to have im- 
portant bearings on our views of the nature of electrical conduction. 
I cannot see that any of our ordinary pictures of electrical conduction 
would lead us to expect a reversible absorption of heat on changing the 
direction of current flow.” Shortly after reading this passage I asked Pro- 
fessor Bridgman whether he had taken account of a formula for the 
Peltier effect which I had published some years before.'! He replied that 
he had not done so and at once admitted that the formula in question 
would explain the effect to which he had referred in the words I have 
quoted. 

I shall presently give this explanation, but meanwhile I wish to say 
that the incident just related, showing how little the implications of the 
dual theory of conduction may be realized, even by one so profoundly 
familiar as Professor Bridgman with the phenomena and the problems of 
conduction, made me feel that I should now undertake to expound and 
illustrate the dual theory more fully, in some respects, than I have been 
able to do in the brief and often tentative papers which I have pub- 
lished on the subject during the last six or eight years, in the Proceedings 
of the National Academy of Sciences. 


GENERAL CONCEPTION OF DUAL CONDUCTION 
A paper which I published nearly twelve years ago,? a paper which 
I hope no one will now try to read in toto, begins thus: ‘“Various consider- 
ations . . . . have led me to inquire whether we may not have, in the 
phenomena of electric conduction and of thermo-electric action in 
metals, the cooperation of electrons in two conditions. One condition, 
(A), I have conceived of as that of electrons passing from atom to atom 


1 Hall, Proc. Nat. Acad. Sci. 7, 62-66 (1921). 
* Hall, Proc. Amer. Acad. Arts and Sci. July (1914). 
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of the metal so quickly, perhaps during actual contacts of the atoms, as 
not to become subject to the laws of gas pressure; the other condition, 
(B), I have thought of as that of electrons long enough free between the 
atoms to act according to the gas laws—.”’ 

I soon came to the conclusion, and for several years past all my papers 
on conduction, etc., have proceeded accordingly, that the (A) electrons 
should be regarded as having no appreciable kinetic energy dependent on 
the temperature of the metal, while the (B) electrons should be treated 
as having the thermal energy of monatomic gas molecules. 

As to the relative importance of the class (A) and the class (B) electrons 
I have from the first held the latter, the “‘free’’ electrons, to be absolutely 
essential for the existence of a thermo-electric current. On the second 
page of the paper quoted above I say, “In all cases in which the trans- 
formation of heat into work is really understood, it is effected by means 
of change of dimensions, expansion and contraction of the working 
substance in which the heat resides and operates as molecular or atomic 
energy. In a thermo-electric current the electricity is the factor which 
undergoes a cyclic change; the metals are in a fixed state, though one of 
non-uniform temperature, and they neither expand nor contract after 
this fixed state is reached. It would seem, then, that the electricity must 
expand and contract in its cyclic course and serve as the vehicle and 
transformer of heat energy.” “Thermo-electric phenomena appear to 
require the presence of free electrons within metals.’”’ In two later 
papers® I developed at some length the conception of mechanical action 
indicated in these quotations, declaring that “the part which associated 
electrons [electrons (A)] play in thermo-electric action is analogous to 
that played by entrained water in the work done by steam,” not a helpful 
part. 

On the other hand, I found evidence convincing me that these (A) 
electrons carry the greater part of the ordinary electric current. In my 
study‘ of eighteen metals, including two alloys, the largest fraction of 
total conductivity, at 0°C, which I assigned to the (B) electrons was 
19 percent, in bismuth, the lowest being 2 percent, in iron. 

All this being as stated, one can imagine with what interest and satis- 
faction I have read he following passage in the “‘abstract” of a recent 
paper® by Millikan and Eyring: ““The lack of dependence of field currents 
drawn from metals by intense electric fields upon temperature furnishes 
strong evidence that most of the conduction electrons do not share in 

* Hall, Proc. Nat. Acad. Sci. 4, 29-35 (1918); ibid 4, 98-103 (1918). 


* Hall, Proc. Nat. Acad. Sci. 7, 98-107 (1921). 
* Millikan and Eyring, Phys. Rev. 27, 51-67 (1926). 
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the energy of thermal agitation. The thermions, however, do share in 
this energy; they are presumably responsible for the Peltier and thermo- 
electric effects.’’ Thus these authors seem to be arriving, from a starting 
point and by a method of their own, at a dual theory of electric con- 
duction which resembles in important respects the one which I have been 
developing during the last ten or twelve years. It will be interesting to 
see what form their theory takes when they come to deal explicitly and 
in detail with thermo-electric phenomena. 


FUNCTIONS OF THE PosiITIVE IONS WITHIN METALS 


In conduction. The idea occurred to me about eleven years ago® that 
the positive ions within a metal, being equally numerous with the “‘free”’ 
electrons, have probably an extremely important part to play in the 
conductive, or progressive, action of the “associated”’ electrons (A). 
If, ignoring the existence of these ions, we try to see how electrons can 
go from atom to atom, we are, or at least we should be, impressed by the 
lack of “terminal facilities” for such action. An electron leaving atom a 
for atom } must be simultaneously followed by another electron entering 
a, otherwise a at once becomes a positive ion; it must be simultaneously ~ 
preceded by an electron leaving 6, otherwise ) would get an electron in 
excess and thus becomes a negative metal ion. The only way, then, to 
have associated-electron conduction, or progress, without the cooperation 
of ions is to have a lock-step electron movement extending completely 
around the conductive circuit. This is comparable to the action of a 
railway system with trains extending in unbroken continuity over every 
mile of the track. Something of this kind may occur in the supra-con- 
ductive state of a small homogeneous circuit, but for conductive circuits 
in general it is, I think, out of the question. We must, then, either put 
the whole burden of conduction on the “free’”’ electrons or recognize the 
importance of the positive ions in furnishing “‘terminal facilities” for the 
progressive movement of associated electrons. The general, perfectly 
simple, conception of such progressive movement is that, when an atom 
comes into a certain position with respect to an adjacent ion, an electron 
may leave the atom, which thus becomes an ion, and join the ion, which 
thus becomes an atom. I should be inclined to call this conception ir- 
resistibly simple and logical if it were not for the fact that, though I have 
been using it freely and publicly for more than ten years, it has remained 
unused and apparently unrecognized by most other writers. I find that 
Gudden and Pohl have employed it in dealing with conduction in crystals. 


® See Il Nuovo Cimento, Jan.-Feb. (1915). 
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See Sci. Abs. no. 662 of Vol. 28 (1925) referring to a paper in the Zezts. f. 
Physik, 30, 1, pp. 14-23, 1924. | 

In the Volta effect. The conception just mentioned is fruitful not 
merely for a theory of conduction. It has an immediate bearing on the 
question of equilibrium at the junction of two metals. Different ions, 
ions of different metals, naturally have different attractive power for 
electrons, a fact recognized in the familiar term “ionizing potential.” 
The ionizing potential is doubtless much less within a metal than in the 
vapor of that metal, the fact being, of course, that “free” ions within a 
metal are in a potential field very different from that outside the metal; 
but nevertheless it is altogether probable that when two different metals 
are joined together the ions of one metal at this junction have a greater 
attractive power for electrons than the ions of the other metal. So one 
metal, the one with the more compelling ions, gets electrons across the 
junction at the expense of the other metal. The result is a state of charge 
of the two metals, one becoming positively charged, the other negatively 
charged. Thus we have an extremely simple explanation of the Volta 
effect. This idea I have elaborated in a paper’ published about a year 
ago, giving at the same time a mathematical discussion of free-electron 
distribution between two joined metals and between each metal and the 
space outside. 

The simplest assumption which can be made as to the energy condition 
of equilibrium of “‘associated’’ electrons at the junction of two metals 
a and £ is that the energy of an associated electron on an atom of metal a 
is equal to that of an associated electron on an atom of metal 8, after the 
Volta difference of surface charge between the two metals has established 
itself. This condition, if admitted, explains at once the otherwise puzzling 
fact® that the amount of energy needed to expel an associated electron 
from metal a is the same as that required to expel an associated electron 
from metal 8, provided in each case the expelled electron reaches the 
same final condition. 


ACTION OF THE “Mass LAw” WITHIN METALS 


In thermionic emission. I was not, I believe, the first to suggest that the 
mass law of equilibrium ‘holds between the atoms, the free electrons, 
and the ions, within a metal, but I have made a more persistent and 
extensive use of this conception than anyone else has made. For example 
there is, in my opinion, an essential difference, highly important for 
soundness of theory though perhaps not easily detected by experiment, 


7 Hall, Proc. Nat. Acad. Sci. 11, 111-116 (1925). 
§ Millikan, Phys. Rev. 18, 236-244 (1921). 
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between what occurs in an insulated piece of metal giving off thermions 
and a non-insulated piece of metal giving off thermions. The difference 
to which I here refer is not the obvous fact that the insulated metal 
acquires a positive charge by losing electrons. It would hold and hold to 
practically the same extent, if each of the pieces of metal dealt with were 
so large, and the number of electrons lost so small, that the effect of static 
charge on the insulated metal would be negligibly small. This difference 
is that, whereas the non-insulated metal suffers no change of condition 
in giving off electrons, because electrons in equal number are flowing into 
it all the time, the insulated metal is really losing some of its substance, 
the emitted electrons, and this loss entails, according to the mass law, 
a change within the metal, new ionization going on there to such 
an extent that, if m is the number of electrons lost, ”/2 atoms suffer 
ionization, furnishing »/2 new ions and m/2 new free electrons. This 
process of ionization is accompanied by heat absorption, and the amount 
of this heat absorption depends on the magnitude of m, not on the size 
of the piece of metal. 

O. W. Richardson, in the course of his thermo-dynamic argument 
leading to his famous expression for thermionic emission, ignored the 
difference just pointed out. He framed a certain equation® for dS, the 
change of entropy of his system, with reference to an insulated piece of 
metal, supposed to be giving off electrons, and then proceeded to apply 
this equation, or the consequences of it, to the case in which the metal is 
not insulated. I have said all this before in two papers,!° the second of 
which should be read first, as the other contains a misleading, though 
not fundamental, error. I have little doubt that, to most of those who 
may have read these papers, my argument, impeaching as it does the 
soundness of Richardson’s derivation of his familiar and practically useful 
expression for thermionic emission, has appeared to be unimportant if 
not absurd. Let me, then, call attention to the fact that, although the 
criticism in question is in form and in substance of my own independent 
making, others have detected and pointed out the fallacy of Richardson’s 
reasoning. See, for example, a paper on The Universal Constant of 
Thermionic Emission, by Bridgman, in the PHYSICAL REVIEW for February, 
1926, in which mention is made of the fact that Richardson has rather 
recently"! admitted at least a formal error in the argument referred to. 

The “equation” P=TdV/dT: What precedes has a direct bearing on 
the validity of the reasoning leading to this quasi-equation, in which 

® Richardson, Emission of Electricity from Hot Bodies, p. 28. 


10 Hall, Proc. Nat. Acad. Sci. 4, 11, 13 (1918); ibid 5, 197-198 (1919). 
" Richardson, Proc. Roy. Soc. 105A, 403 (1924). 
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P stands for the Peltier effect and V for the Volta effect between two 
metals. The following passage is quoted from a paper™ which I published 
about three years ago: 

“Bridgman has given us the history of this formula. It was first 
published by Lorentz, in 1889, but remained comparatively unnoticed 
and was re-derived by Kelvin eight or ten years later. Lorentz, however, 
accepted the suggestion of Budde that there may be an absorption or 
evolution of heat at the free surface of the metals, and Kelvin, after 
finding that the formula, when tested by the experimental data available, 
‘failed by a thousand fold,’ admitted the same possibility. Richardson,™ 
however, by a new course of argument arrived at the formula as written, 
and K. T. Compton,’ for the purpose of testing its correctness, undertook 
measurements of the ‘temperature coefficient of contact potential,’ 
(dV/dT), between nickel, which we will call metal A, and iron, which 
we will call B. According to his experiments this temperature coefficient, 
in the neighborhood of 40°C, is about 0.00165 volt per degree,’’—that is, 
in his own words, ‘‘about fifty times as large as the theoretical coefficient,” 
deduced from the equation in question. Compton did not, it is true, 
regard this test as conclusive, and he remarked, quite justly, that 
measurements in extremely high vacua can alone settle the question here 
at issue, but the evidence thus far is highly unfavorable to the claims of 
the relation stated. 

Now the same fallacy which Bridgman and I have independently found 
in Richardson’s discussion of thermionic emission enters into the argu- 
ment by which he arrived at the formula under discussion, an “‘equation”’ 
one side of which is, according to the best evidence available, about fifty 
times as great as the other. However little harm, then, this fallacy may 
have dorie in the one case, it seems to have been mischievous in the second. 

My own theory of the matter, set forth briefly in the paper from which 
the passage above given is taken, adds to the Peltier heat, P, the net 
amount of heat absorbed by reason of the operation of the mass law, when 
electrons are transferred from one of two Volta-effect plates to the other. 
This change, with the best data available, reduces the ratio of the two 
sides of the equation in question from about fifty to about four in the 
case of the same two metals, nickel and iron, that were used by Compton. 
Further measurements on the temperature coefficient of the Volta effect 
are greatly needed. 

® Hall, Proc. Nat. Acad. Sci. 9, 207-211 (1923). 

8 Bridgman, Phys. Rev., 14, 306-347 (1919). 


* Richardson, Emission of Electricity from Hot Bodies, pp. 41 and 42. 
* Compton, Phys. Rev. 7, 209-214 (1916). 





DUAL THEORY OF METALLIC CONDUCTION 


FORMULA FOR THE PELTIER EFFECT 


I come now to my formula for the Peltier effect, the one to which I refer 
in the opening paragraph of this paper. This formula, derived in a paper 
printed several years ago, is 


ky ) 
Tos = ( — bre —( — J ra., 
F (=!) (5 ~ 


where IIa is the Peltier effect heat absorbed in the passage of 10 coulombs, 
(1/e) electrons, from metal a to metal 8, ky is the free-electron conduc- 
tivity, k the total conductivity, A, the heat required to free (1/e) electrons 
within a, and dg the corresponding quantity for 8. Now within a single 
crystal of metal a and § refer merely to different directions, and evidently 
in this case Aq and Ag are equal, whereas (k;/k)q need not be the same as 
(k;/k)s. This is substantially what I said to Professor Bridgman in the 
conversation already referred to, and he of course conceded my point. 
This should not be taken to mean that he accepts my theory of conduction 
in toto or even my expression for the Peltier effect. 


QUANTITATIVE F HYPOTHESES: CHARACTERISTIC “CONSTANTS” 


e 





Much of wi what I have said thus far in this paper is of a : rather general 
character. I must now, in attempting to embrace in one general quanti- 
tative theory all the phenomena with which I have to deal, make use of 
definite quantitative hypotheses or assumptions involving temperature 
relations. In doing this I am well aware that these assumptions may 
have only a very limited validity,—that is, may hold through only a 
narrow range of temperature. If I try, as I do, to see whether they will, 
without change of constants, enable me to cover the stretch from 0°C 
to 100°C, I do this without expecting perfect consistency of results. 
I simply do what I can with a problem of great complexity, leaving my 
readers, whether few or many, to evaluate the fruits of my labor and 
decide whether the undertaking in which am engaged is worthy of their 
further interest and attention. 

Assumption 1: The number, 1, of free electrons per cu. cm. of a metal 
is expressed by the equation 


n=2T*, 7 (1) 


where z and g are constants and T is absolute temperature. I do not, for 
my present purposes, find it necessary to evaluate z, the magnitude of 
which, for a given value of free-electron conductivity, naturally depends 
on the length of mean path of the “free’”’ electrons between or through 
the atoms, and concerning this distance my ideas are, perhaps, neither 





400 EDWIN H. HALL 


more nor less definite than those of other writers on the subject of 
conduction. To those, however, who maintain that m must be an ex- 
ceedingly small fraction of the number of atoms per cu. cm. of the metal 
or that, because of thermodynamic restrictions, m cannot vary with 
temperature as I would have it vary, I have addressed a special argu- 
ment.!¢ , 

Assumption 2: This is that the ratio (k;/k), of free-electron con- 
ductivity to total conductivity, is given by the equation 


(ky/k) =C+Citi +Cof?, (2) 


where C, C; and C2 are constants, and ¢ is temperature above 0°C. This 
is a quite familiar and innocent kind of formula, the only question about 
it being through what range of temperature it will hold reasonably well 
without the addition of more terms in higher powers of ?. 

Assumption 3: The heat of ionization within a metal is, in ergs per 
electron, 


N=N+SRT, (3) 


where \’ is a constant, s is a constant the value of which is never less 
than 2.5, and R is the gas-constant for a single molecule. At first I 
assumed the value of s to be 2.5, just large enough to make the term 
sRT express the kinetic energy and the pv energy, per electron, of the 
gaseous condition. Later, for the purpose of dealing the better with 
thermal conduction, as maintained by electric action, I gave s a special 
value for each metal studied, making it range from 4.35 in bismuth to 
15 in iron. 

I had not at the beginning any intention of seeking an explanation 
of thermal conduction. But presently I found myself obliged to deal 
with it, the history of the matter being as follows: Reflection upon the 
internal electrical condition of an insulated metal bar kept hot at one 
end and cold at the other showed me that, if my conception of free- 
electron conduction and associated-electron conduction held, and if, as 
I assume in the use of Eq. (1) above, the number of free electrons per 
cu. cm. is greater at the hot end of the bar, the mechanical pressure- 
gradient of these electrons must tend to drive some of them from the hot 
end to the cold end, thus giving the hot end a plus charge and the cold 
end a minus charge. Such a condition of charge will tend to drive asso- 
ciated electrons up the temperature gradient of the bar. Thus we have 
begun a cyclic current within the insulated bar, free electrons going from 
hot to cold and associated electrons from cold to hot. But such a move- 
ment involves a constant process of ionization, absorbing heat, at the hot 


% Hall, Proc. Nat. Acad. Sci. 11, 36-38 (1925). 
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end of the bar and a corresponding constant process of reassociation, 
giving out heat, at the cold end, and this means conveyance of heat- 
energy, heat conduction or heat convection, by an electrical process, 
along the bar. Having thus come, quite unexpectedly, on an explanation 
of some measure of heat conduction, I thought it worth while to inquire 
whether the mechanism described was capable of accounting for the 
whole of this conduction, and in prosecuting this inquiry I gave to the 
constant s the various values, characteristic of the various metals, to 
which I have referred. I have, however, all along regarded this as, to 
some extent, a tentative operation, seeing that a part, perhaps the 
greater part, of thermal conduction may be attributable to some other 
process. When such another process, capable of accounting for any large 
amount of heat conduction, is clearly imagined and convincingly de- 
scribed, it will be in order to modify my treatment of heat conduction 
accordingly; but meanwhile I propose to continue my endeavor to see 
what will come of putting the whole burden on the cyclic electric current 
which I have pictured above. 

I have now introduced for each metal seven characteristic constants, 
z, q, C, Ci, C2, dX.’ and s, with the understanding that z need not, for the 
present, be evaluated definitely. To determine the values of the other six 
constants I shall need for each metal six equations, in which these constants 
will appear as the only unknown quantities. Eqs. (1), (2) and (3) are not 
available for this purpose, as each of them contains some other unknown. 

Three of the desired equations I obtain from a study of the Thomson 
effect, in a way now to be described. My conception of the Thomson 
effect is a very complicated one, as many elements necessarily enter into 
it, and my mathematical expression for the Thomson effect heat, ¢, is 
correspondingly complicated.'7 This expression is derived and given as 
Eq. (8) in a paper'® published in March, 1920. It is 

ky 3 R ky RT dn WNW = d(kj/k) 


, wean bani esl ; 4 
hte Bawa «a4 (4) 


17 In this connection I wish to quote with approval the following passage from the 
Conclusion of Bridgman’s paper on Thermo-electric Quality under Pressure (Proc. Amer. 
Acad. Arts and Sci. 53, March (1918): 

“The results suggest most strongly that the thermo-electric mechanism must be 
comparatively complicated, that it cannot be at all of the simplicity imagined by the 
free electron theory and that most likely the effect which we measure are the resultant 
of different effects, which sometimes, at least, work in opposite directions.” 

18 Inferences from the Hypothesis of Dual Electric Conduction; The Thomson Effect. 
Proc. Nat. Acad. Sci. 6, 139-154 (1920). In this paper s had the value 2.5, and accord- 
ingly some of the equations it contains were, when s was given a more general value, 
revised in a subsequent paper, The Thomson Effect and Thermal Conduction in Metals, 
Proc. Nat. Acad. Sci. 6, 613-621 (1920). 
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where R is the gas-constant, 1.37 X10-"*, and e the electronic charge, 
1.59 10-*°, 
Making use of Eqs. (1), (2) and (3), I reduce (4) to the form 


o=K+(Ki+Kot)T , (S) 


in which K, Ki, and K¢ are constants defined by the equations 


, 


R r 
K [ca.s—a+e(~ — 273 (1.5—g) 


2n! 
- 2130, ~ 273(1.5-)) | 


2né 
[ cuis+1.5—9) +Ca/ = — 213 a.s-o) | (7) 


(6) 


R 
e 
R 
€ 


K; - Co(2s+1.5—q) (8)!9 

The value of o was put into the form of Eq. (5) in order to make it 
agree, as nearly as possible, with the expression used by Bridgman in 
his paper, already referred to, on Thermo-electric Quality under Pressure. 
All or very nearly all of the thermo-electric data which I have used in the 
quantitative development of my theories during the past six or eight 
years are taken from this paper, and I do not see how I could have made 
progress except on the basis of Bridgman’s work. 

He writes, in substance, the equation 


o=(A+Bié)T, (9) 


where A and B are constants. He. found from his experiments nothing 
corresponding to my constant K, which I nevertheless have been unable 
to get rid of in my general expression for ¢. On the other hand, there is — 
nothing in my reasoning to show that the value of K may not be very 
small. Accordingly, on the ground of experimental evidence, as expressed 
in Eq. (9), I put K equal to zero, thus reducing (6) to the form 


XN 
c =| -c (~ - 273 1.5— ) 
1 R 73 ( q) 


+273C (= - 373(1.5— ) Va 5—q) 
/ 2 R ‘ q . gq). 


(10) 


19 These two equations had a somewhat different form in the first of the two papers 
mentioned in the last preceding footnote. 
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As to my K, and Kg, I take these to be, respectively, the same as the 
A and B of Eq. (9), and, as Bridgman gives the values of A and B for 
every case which I deal with, I have the K; and K, in Eqs. (7) and (8) 
replaced by definite numerical quantities. Thus in (7), (8) and (10) I have 
three of the six equations needed to determine the values of the six 
constants g, C, Ci, C2, XZ and s, with which I have to do. Of course, the 
values of A and B, like all other experimentally found data that I have to 
use, are subject to some errors, and such errors may have appreciable 
consequences in the results I draw from my equations. Bridgman’s 
values of o were not found by direct observation but were derived by 
double differentiation from the directly observed electromotive forces of 
thermo-electric couples, and they all assume the value of ¢ to be zero in 
lead. 

The fourth equation to be used in evaluating the six constants is an 
expression for the thermal conductivity, framed in accordance with the 
conceptions already set forth in this paper. This is correctly given as 
Eq. (12) in a paper'® which I published in 1920, but in the derivation 
which that paper gives of the equation there is an assumption,” explicitly 
made, which is unnecessary and should be eliminated. In view of this 
fact and of the further fact that my theory of thermal conduction was, 
so far as 1 know, an entirely novel conception, I shall repeat and revise 
here the argument in question. I shall begin by repeating, with some 
change of form, a discussion given on page 100, Vol. 4, of the National 
Academy Proceedings. 

In addition to the potential P, due to electric surface charge, we must 
now think of a potential, P,, due to the attractions or repulsions of 
adjacent matter for the associated electrons, and also of a potential, P,;, 
due to the attractions or repulsions of adjacent matter for the free 
electrons. Both classes of electrons are subject to the charge-potential P, 
but associated electrons only are subject to the potential P., and free 
electrons only to the potential P;. According to my sign convertion 
electrons tend to move in the direction of decreasing potential. 

According to my conception of thermal conduction, as already set 
forth, the condition of equilibrium, mobile equilibrium, within an in- 
sulated metal bar kept hot at one end and cold at the other is that the 
down-temperature free-electron stream at any cross-section of the bar 
shall be equal to the up-temperature associated-electron stream, which 
is obviously, the length / of the bar being measured from the cold end, 


* That (d P,/d T) is negligibly small. 
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d(P +P.) 
dl s 


per unit area of cross-section at the same place. For simplicity let the 
bar have unit cross-section; let m equal the mass and e the charge of 
an electron; let u equal the coefficient of mobility of the free electrons 
through the metal,—that is, the velocity that one dyne would maintain 
in driving 1 gram of free electrons along the bar. If now we assume that 
the mechanical tendency of the free electrons, if acting without electric 
forces, would produce equality of pressure, p, from the hot end to the 
cold end of the bar, we have, as the mathematical expression for the 
condition of mobile equilibrium described above, 


dp d(P+ Py) d(P+P.) 
a 5 Ses Gas nny eerie 
, (| rm ne oi : dl 


a 


which reduces to 


dp e d(P+P,) d(P+P.) 
—-—+s- a ae os fh, + career 


11 
"2 ws dl dl (11) 


ky being, as before, the the free-electron conductivity while k, is the 
associated-electron conductivity. 

The relation of u to k; can be found from the observation that, if the 
bar were at uniform temperature with a potential gradient (dP/dl), form- 
ing part of an electric circuit, two equivalent expressions could be found 
for the strength of the free-electron current, 


(= ~) 
f+ <a, 
dl nm 


, a 
, a 


and 


whence we get the equation 
m 


ed, © (12) 
ne 
From (11) and (12) we get, assuming for simplicity unit temperature 
gradient in the bar, 


‘ es dp. aP ) , . - 
: “\ aT aT 


A little reflection shows that, as 2.5R represents the total mechanical 
energy, kinetic and potential, per electron, of the free electrons as a gas 
within the metal, we have, by virtue of the definitions of the several 
letters involved, the equation 





DUAL THEORY OF METALLIC CONDUCTION 


1 
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whence comes 
dP; aPe ft 2.5) 
— = —+ —(s-2. 
dT dT € 
Moreover, since 
p=nRT 
and, according to Eq. (1), 
n=2T? 
we have 
1 dp T in) 
—-—= Rf 1+—-—) = R(ii+ 
n aT ( °F = (+9) 


Substituting from (15) and (17) in (13), we get 


ky dP - 


k re ee +—- (18) 
“ee 


k 
where & is the total electrical conductivity, (ka+ky,). 


Now the second member of (18) is, as we have already seen, the 
strength of the up-temperature stream of our cyclic electric current. At 
the hot end of the bar the electrons of this stream become free, each 
absorbing in the ionizing process the amount \’, Eq. (3), of heat energy, 
and the amount of heat energy absorbed by the unit quantity of elec- 
tricity, 10 coulombs, in passing from the associated electron state to the 
free-electron state is (A’/e). Accordingly the current 


A (= + “) 

“\dT dT 
will, in turning from the associated electron form to the free-electron 
form at the hot end of the bar, absorb 


A (= + oe 

‘\dT dTJe 
ergs of heat energy per second. So this is the amount of heat energy 
which starts per second down the bar from the hot end, and, as we have 
assumed the bar to have unit cross-section and unit temperature gradient, 
this quantity is numerically equal to the thermal conductivity of the 
metal. Letting @ stand for this conductivity and remembering Eq. (3), 
we have 

d 


dP aP, 1 
pa af d./-+sRT )\—: 19 
Ta =) ( ™ )- (19) 
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Substituting from (18) for the first factor of the second member in (19), 
we get 
Seems a w+ sT ) (s+ —1.5) (20) 
— @ “ RAR = 

As 6 and k are known by direct measurement, and (k,/k) is expressed, 
Eq. (2), in terms of C, Ci, C2 and the temperature, and as k, is merely k 
less ky, we have in (20) no new unknown, and this equation is therefore 
available in the work of evaluating our six constants g, C, Ci, C2, A.’ and s. 
In fact we have two equations of this type for our purpose, one for @ at 
0°C, the other for 6 at 100°C. 

I will interpolate here the statement that in the eighteen metals, in- 
cluding two alloys, for which I have found values of these constants, the 
average magnitudes of \/ and s are such as to correspond with an ionizing 
potential of about one-sixth volt at 0°C within the metal. Furthermore, 
the average intensity of the cyclic electric current needed to account for 
the total thermal conductivity is, with a temperature gradient of 1 degree 
centigrade per cm, about 5 amperes. It must not be supposed that this 
current generates joulean heat. If it produces heat in some ways, it 
absorbs heat in other ways. It is accompanied by, and is the mechanism 
of, degradation of heat, conveyance of heat energy from points at high 
temperature to points at low temperature, but it does not, on the whole, 
either produce or consume heat. 

We need one more equation, making six in all, for the determination 
of our constants. This we can get from the Peltier effect, but, as this 
involves two different metals, a slight complication is here encountered. 
If we have obtained five independent equations, of the types already 
shown, for each of two metals, we shall by writing for each of two tem- 
peratures, preferably 0°C and 100°C, the equation of Peltier heat between 
these two metals, have twelve equations in all, enough to determine the 
values of the six characteristic constants belonging to each metal. 

In substantially this way were found those values of these constants, 
for each of eighteen different metals, including the two alloys constantan 
and manganin, which I published‘ several years ago, and which would 
now require some slight revision. 

The process of finding such values from such equations as those given 
above is not altogether straightforward and precise. Owing to the shape 
of the equations and the fact that they are probably not wholly consistent 
with each other, being affected as they doubtless are by some inaccuracies 
of both theory and observation, it is necessary to follow a trial method 
in solving them, and to select as the final values of the constants those 
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which, on the whole, come nearest to meeting the requirements expressed 
by the equations. 

I shall presently illustrate this method of procedure by showing how 
I have dealt with the data found by Bridgman in his experiments on the 
electrical and thermal properties of certain metals under high pressure. 


EFFECT OF HiGH PRESSURE ON THE “CHARACTERISTIC CONSTANTS’’ 
oF METALS 


I need for my present undertaking to know the effect of pressure on 
electric conductivity, thermal conductivity, and thermo-electric qualities. 
Bridgman has, I believe, furnished all the needed data for only eight 
metals, bismuth, copper, iron, nickel, platinum, silver, tin, and zinc. 
The table given below embodies many of the results of his observations, 
not necessarily in the form in which he published these results. 

Following the custom of my previous papers I define o, the Thomson 
effect at any temperature 7, as the amount of heat, in ergs, absorbed by 
10 coulombs of negative electricity, (1/e) electrons, in going from a 
place of temperature (7 —}4) to a place of temperature (7+ 4) through 
the metal. This makes the sign of my o the opposite of that belonging 
to o as commonly used. I define II.s, the Peltier effect between metals 
a and 8, as the amount of heat, in ergs, absorbed by (1/e) electrons in 
going from metal a to metal 8. This makes my sign convention for Ilag 
opposite to that used by Bridgman. I call the uncompressed metal a 
and the compressed metal 8. Bridgman has not, as a rule, made absolute 
determinations of electrical or thermal conductivity, but in the last two 
columns of the table I have undertaken to give definite values for both 
k3o and 630, the subscript indicating 30°C, the only temperature for which 
Bridgman gives information concerning 6. In the case of k, I have taken 
values of ko from the usual sources and have found ko by applying 
Bridgman’s coefficients. The way in which definite values of 03) have 
been arrived at will be indicated later. 

I shall presently undertake to show how and to what extent the changes 
of electrical and thermal qualities of metals under pressure, as exhibited 
in this table, can be coordinated by means of the conceptions already 
set forth in this paper. But first certain reservations must be noted. 

It must be remembered that the machinery of my theory, in its present 
form, does not undertake to deal with any case in which the experi- 
mentally observed Thomson effect cannot be expressed with sufficient 
accuracy by means of Eq. (9). If, for example, the parenthesis of that 
equation contained an additional term, in #, I should, in order to take 
account of it, be obliged to complicate one or more of the simple assump- 
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tions expressed by Eqs. (1), (2), and (3), and add another equation of 
the general type of (7), (8) and (10). Now, according to Bridgman’s 
observations, the Thomson effect varies under pressure in such a way 
that, when it ceases to be expressible by one term, the AT of Eq. (9), it is 
usually not strictly expressible by two terms. It is not, therefore, sur- 
prising or discouraging to find that in some cases my apparatus proves 
incapable of dealing with the data set forth in this table. Moreover, the 
treatment of even a simple case in the method presently to be illustrated 
is laborious, and the treatment of any case in which ¢ has two terms is 
very tedious, though I have carried it through in several instances to be 
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indicated later. My discussion, then, of the data presented in the table 
above has not been exhaustive, though it has been sufficiently extended 
to be generally representative. 


My inquiry is this: It being assumed that known values of the six 
“characteristic constants,” q, s, A.’, C, Ci, Cz, correspond with sufficient 
accuracy (they do not correspond perfectly) to the electrical and thermal 
properties, at normal pressure, of the metals dealt with, what changes of 
these constants will correspond to the observed changes of these electrical 
and thermal properties under the pressures used by Bridgman? 


BISMUTH 

I shall deal first with bismuth. The values of the characteristic 
constants for this metal, as given in my Summary, printed in the Pro- 
ceedings of the National Academy of Sciences for March, 1921, are as 
follows: 

q s nN Cc Ci X 10° C2 
1.20 4.35 1088 x 10-* 0.19 —80.4 0 
I keep the first two of these as they stand; the third I put into the more 
convenient but substantially equivalent form XZ =790R, where R is the 
gas constant 1.37 X10—"*. For C and C, I now get, as will be seen, slightly 
different values, by taking e as 1.59 10-*°, whereas in making the tables 
of my Summary I took e as 1.60 10-*°. 

I get from Bridgman, as the value of the Thomson effect at normal 
pressure, ¢= —3.207. Thus the Ke of my Eq. (5), the B of Eq. (9), is 
zero, and so, according to Eq. (8), C2=0. 

The K, of Eq. (5), the A of Eq. (9), is —3.20, and so by means of 
Eq. (7) I get C, = —79.86X10-, instead of the — 80.4 X 10~ given above. 

With these values of C; and Ci, I get from Eq. (10) C=0.1885, instead 
of 0.19. 

Accordingly I now have, as the normal values of the characteristic 
constants in bismuth, 

q s (AZ/R) C Ci X 10° C2 

1.20 4.35 790 0.1885 —79.86 0 


The value of o yielded by Bridgman’s observations on bismuth under 
a given high pressure will, in the manner just illustrated, give three of 
the six equations needed for determining the values of the characteristic 
constants under this pressure, as will presently be seen; but I have not 
yet quite done with the normal state. 

I wish to call especial attention to the fact that the normal values of 
the constants, as last given above, are in accord with the experimentally 
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known values of electric and thermal conductivity. To do this I take 
Eq. (20) and, using therein the known value of the electric conductivity, 
together with such of the “constants” as are needed, I calculate from 
this equation the value of 6, the thermal conductivity, for 0°, 30°, and 
100°C. I thus get @=0.02021, @30=0.01909, 6100.=0.01656. Jaeger and 
Diesselhorst give 633 =0.0194, A100 =0.0161. I regard this degree of accord 
between calculated and observed values as satisfactory for the present, 
but I must take care not to be misunderstood. I have not calculated 6 
by means of quantities determined entirely without reference to 6, I have 
merely found it practicable to select ‘characteristic constant’ valueswhich 
are for the most part in good agreement, numerically, with the known 
values of the electric conductivity, the thermal conductivity and the 
thermoelectric qualities of the various metals dealt with. 

The value of 030, as calculated by means of my constants used in 
Eq. (20), is of especial importance here, as the observations of Bridgman 
on the value of @ under pressure were all made at or near 30°C. He 
measured merely relative changes of 0, and to get, for high pressures, 
definite values of 030, such as are given in the last column of the table 
above, I have applied his pressure coefficients of 0-change, at 30°C, to 
the value of 839 as found above for normal pressure. The value of 430 
thus found for any given pressure will, when used as the first member of 
Eq. (20), make this equation available as the fourth of the six needed 
for determining the values of the characteristic constants under the 
given pressure. 

We need two more equations, and we get them from the changes of 
the Peltier effect, under pressure, at 0°C and 75°C (100°C for all metal 
except bismuth), respectively. They are of the same type as the Peltier 
effect equation already written, without number, in the first part of this 


paper. The subscript @ indicating uncompressed metal and the subscript 
8 compressed metal, they are 


[ (ky/k) pds = (ky/k)aatTas] o, (21) 
and 


[(hy/k) aXs = (hy/k) datas] 199. (22) 


Values of IT ,g aré given in the table of data which precedes. Values of 
(k;/k)aXe can be found from the values of the normal characteristic 
constants, and thus the values of (k;/k)s\3 are determined. 


Our task is now to find values of the characteristic constants that will 
satisfy the six equations indicated, under some chosen high pressure. 
For bismuth I shall take = 2000 kgm/cm’. 
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The value of o in this case is the same as at normal pressure; that is, 
o = — 3.207, and therefore I know at once that C;=0; but it is not safe to 
assume from this that the characteristic constants, as a whole, remain 
unchanged. My method of procedure is to select, after a general survey 
of the conditions to be satisfied, tentative values of g, s, and (A,.’/R), 
and then by trial find whether they will serve. Giving my readers at 
once the benefit of many hours spent in experimentation, I put g= 1.1974, 
s=4.27, (A.//R) =787.28. Then I get from Eq. (7) C)= —81.221X10-, 
and from (10) C=0.18914. 

Put into Eq. (20) these values of my constants give 03) =0.17906, the 
mark aimed at being 0.1790. This is satisfactory, for I know from trial 
that a still closer adjustment could be made by means of a slight change 
in the value of s without change of gq or of Xi. 


k 
Put into Eqs. (21) and (22) they give at 0° (7) Ag = 3.1828 X 10°, 
> 


for 3.1828X10°, and at 100° (4) As = 3.5853 K 10°, for 3.5858 10°. 
3 
This will do, though I should like to have the difference less in the last 


case. I do not attempt closer adjustment, for I know that any change 
which would eliminate this difference would very likely introduce an 
equally serious difference in the preceding case, for 0°C. It would doubt- 
less be possible to find by trial values of g, s, and \.’ that would reduce 
the difference to zero, in the 4th decimal place, at both 0° and 100°; but 
it would probably take several hours of painstaking logarithmic calcula- 
tions to reach this result. If it is asked why so much pains should even 
be thought of in such a case, the answer is that very slight adjustments 
needed to eliminate the differences at both 0° and 100° simultaneously 
may require very appreciable changes in the values of both g and }.,’. 
In fact, the question whether g increases or decreases or remains un- 
changed under the given pressure may find its answer in a careful 


adjustment of differences in the 4th place of decimals in the values of 
3 Ne In most metals the value of II.g is much smaller than it is in 
bismuth, and in many cases I have worked diligently in the 5th place 
of decimals, not because I regard the precise values of the constants 
q, Ss, etc., important, or even ascertainable, but because I think the 
changes which these constants undergo under pressure may prove to 
have considerable significance. 
In attempting to deal with bismuth under a pressure of 4000 kgm. per 
sq. cm. I have had no success. In this case the value of ¢, according to 
Bridgman’s observations, while retaining its first term unchanged, 
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develops a rather large second term, —0.02/7, and when I apply my 
mathematical apparatus everything turns topsy-turvy. In order to avoid 
getting a negative value for C, which is merely the ratio (k,/k) at C0° 
and therefore must be positive, I am obliged to jump the value of g from 
1.2 to something above 1.5, and even so I am not able to meet the other 
conditions imposed by my data. The fact is, as I have already said, that 
in such a case the value of ¢ is not accurately expressed even by a two- 
term formula, and it may well be that in this condition of things the 
assumptions on which I have based my Eqs. (7), (8) and (10) break down. 

The other metals I shall discuss here in a much more summary fashion, 
reserving for Table II values which I have found for the characteristic 
constants at high pressures. 

COPPER 


For copper, with the somewhat revised normal values of the character- 
istic constants, ¢ being —0.9667, I get by use of Eq. (20) 


69=0.9355, 430=0.9110, 6100 = 0. 8684. 
Jaeger and Diesselhorst found 6,3=0.918, 0:00 =0.908. 


IRON 


Iron is at the best a bad metal to deal with here, for even at normal 
pressure the value of o has a large second term, being (1.78+0.516 ¢)T. 
The somewhat revised normal constants (see Table II) give 0. =0.1669, 
630 = 0.1610, 6100=0.1607. This succession of 6 values seems improbable, 
though it is doubtful whether the conductivity of iron is known by 
experiment with sufficient accuracy to show conclusively that the series 
is incorrect. Jaeger and Diesselhorst give 0,:3=0.161 and 6100=0.151 for 
“pure iron.”’ I regard my own calculated values as unsatisfactory, and 
Idoubt whether my theory, in its present form, can deal quite successfully 
with any metal in which the value of ¢ has a large second term. 


NICKEL 
Nickel is much more tractable than iron, having a one-term value of ¢, 
3.567, under normal pressure and an equally simple value, 3.5427, under 
a pressure of 4000 kgm/cm?. The revised normal values of the character- 


istic constants give 09=0.1429, @3.=0.1409, @:00=0.1352. Jaeger and 
Diesselhorst give 6:3 = 0.142, A100 =0.138. 


PLATINUM 


The normal values of the characteristic constants give A3=0.1675, 
O30 = 0.1682, 6:00 =0.1710. 


These values of @ agree with those found by Jaeger and Diesselhorst in 
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showing an increase with rise of temperature but indicate a smaller 
coefficient of increase. Jaeger and Diesselhorst give 613 =0.1664, 4,00 
= 0.1733. 

SILVER 


This is a peculiarly well-behaved metal. All the way up to a pressure 
of 12000 kgm/cm? it keeps a one-term value of ¢. For normal pressure 
my formula (20) gives 09 = 1.027, 39 = 1.008, 0:00 = 0.9705, whereas Jaeger 
and Diesselhorst give 6;3 = 1.006, 8:99 = 0.992. 


TIN 


Tin was not a well-behaved metal in Bridgman’s tests. He had ex- 
perimental difficulties with it, the pressure coefficient of thermal con- 
ductivity proved to vary in a marked way, diminishing with increasing 
pressure; the Thomson coefficient o, beginning as a one-term quantity, 
at normal pressure, developed a second term at 2000 kgm/cm?, and this 
second term, small to be sure, is negative, —0.000025 i7, if derived 
from oo and os, while it is positive, +0.000019 7, if derived from 
Go and G50. 

At normal pressure I get 09 =0.1573, 030 =0.1526, 0100 =0.1437. Jaeger 
and Diesselhorst give 0;3=0.155, 100 =0.145. 

Taking the case p=2000 kgm/cm?, but using Bridgman’s mean 
pressure-coefficient of 6,+0.0,122, found from the whole rangeof pressure 
up to 12000, I get, from the value of 039 given above, 0.1563 as the value 
to be yielded by Eq. (20). I take o=(0.13508+0.0,19 4)7. On this 
basis I get the set of values given on the line beginning Tin 2000,,) in 
Table II. 

Taking again the same case, I now undertake to estimate, by means 
of a curve given by Bridgman for one specimen of tin, the mean value of 
the pressure-coefficient of 6 over the range from 0 to 2000 kgm/cm’. 
I thus find the value 0.042016, and with this, applied to the value of 430 
at normal pressure, I get 0.1587 as the value to be given by Eq. (20). 
On this basis I find the set of values given on the line beginning Tin 2000: 
in Table II. 

ZINC 


Zinc, for which Bridgman gives a one-term value of ¢, 0.997, at normal 
pressure, is peculiar in showing a two-term value at 2000 kgm/cm? and 
again a one-term value, 0.9817, at 4000. Therefore I pass over the case 
of lower pressure and take that of the higher. 

For the normal condition I get @9=0.2670, 630. =0.2645, 4100 =0.2583. 
Jaeger and Diesselhorst give 013 = 0.2653, 0100 = 0.2619. 
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DISCUSSION OF RESULTS 


I have evaluated in at least one case for each of the eight metals under 
consideration the change of characteristic constants produced by high 
pressure, and the numerical results of my study are brought together 
in Table II. Looking over this Table, we see that in five of the eight 
metals pressure decreases slightly the value of g. This means that in 
these five metals increase of pressure apparently decreases slightly the 


TABLE II 
Changes of qualities and ‘‘characteristic constants” under pressure 





kgm 
—- q X/R CX10? C,«K10®° C:x108 Pr, Pe 





Bismuth 1.20 4.35 790 18.85 
1.1974 4.27 787.3— 18.91 


Copper 1.49 680 43.7 6.75 
1.4902 6.677 42.91 6.87 


Iron 1.20 15.0 98 1.99 
1.20 14.93 97.3 1.999 


Nickel 1.60 
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rate of ionization accompanying rise of temperature. In copper and 
silver, however, an increase of g is indicated; in iron no change. I am 
unable at present to comment profitably on these varieties of behavior 
with respect to gq. 

Of more obvious importance is the fact that seven of the eight metals, 
all except tin, show a decrease of both s and (A;/R) under pressure. 
This means, as reference to Eq. (3) will at once show, that the heat of 
ionization within the metal is decreased by increase of pressure. This 
outcome of the examination to which I have submitted Bridgman’s data 
was expected. The verification of this surmise has, I venture to think, 
some interest as bearing on the question whether the theory of heat 
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conduction which is now an integral part of my general “dual theory” 
is on the whole illuminating and helpful. The old puzzle as to why 
thermal conductivity, evidently connected closely in some way with 
electric conductivity, changes but little with rise of temperature while 
thermal conductivity falls off rapidly, I dealt with years ago in assigning 
to the s of Eq. (3) such values, in the individual metals, as would 
account, approximately at least, for the discrepancy noted.” But now 
Bridgman’s pressure experiments have revealed a new puzzle in the 
relations of thermal conductivity and electric conductivity. Examination 
of the last two columns of Table II, in which P; means pressure-coefficient 
of electric conductivity while P, means pressure-coefficient of thermal 
conductivity, shows that in five of the eight metals these coefficients 
have opposite signs. Moreover, in bismuth, both coefficients being 
negative, P, is numerically greater than P,, a fact indicated here by the 
difference in size of the two negative signs. In tin, both being positive, Pe 
is greater than P,, while in zinc, both again being positive, P; is the greater. 

Will the same general conception which has taken care of the difference 
in temperature coefficients of k and @ account, without new hypotheses, 
for the differences in the pressure coefficients of these two conductivities? 
Putting aside for the moment the case of tin, we can say, yes. In copper, 
iron, nickel, platinum, and silver, electric conductivity increases under 
pressure, while thermal conductivity decreases. The main thing we have 
to do to explain this difference of behavior is to suppose that within 
these metals occur the changes of s and \, shown against these metals 
respectively in Table II. In each of these five metals the changes of s 
and are such as to reduce the heat of ionization, and, as I have already 
indicated, a diminution of the heat of ionization under pressure is so 
consistent with my previous conceptions that, before examining the 
experimental evidence in the case, I declared my expectation of finding 
it. (But see footnote.) 

In bismuth and in zinc also the indicated changes of s and of XZ are 
such as to require a decrease of the heat of ionization with increase of 
pressure. Tin is the only one among the eight metals in which the 

1 Eq. (20) shows kaky/k as a factor of @. If we suppose each of the k’s to decrease by 
the same proportional amount, say,n percent, with a given rise of temperature, which 
is approximately true, @ would in consequence suffer the same percent decrease if it were 
not for the counteracting influence of the heat of ionization factor, (A¢/R+s T). 

* It must be admitted that the decrements of which I here find with increase of 
density are far too small to encourage the idea that the temperatures changes I have 
assumed for \, in assigning values of s to the various metals at normal pressure, can be 
accounted for by the changes of density due to changes of temperature. If I am to 
keep these values of s, and so continue my endeavor to make my “cyclic” electric 


currents carry the whole burden of thermal conduction, it seems necessary to hold 
that increase in the range of thermal agitation may directly increase \. 
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opposite change appears, and tin, it has already been said, was a pecu- 
liarly troublesome and uncertain metal in Bridgman’s experiments. 


The fertility of this conception, the importance of the part played by 
the latent heat of ionization, is worthy of further illustration. We have 
looked up the temperature scale from 0° to 100°C. If we look down this 
scale, how are we to account for the fact that, in spite of the immense 
increase of electric conductivity at very low temperatures, thermal 
conductivity does not have any corresponding increase there? Is,there 
not something luminous and satisfying in the idea that heat of ionization 
is a necessary factor in heat conduction and that this factor, in accordance 
with the theory of this paper and in accordance with the “third law” 
of Nernst, tends to vanish or to become very small at low temperatures? 

Again, how shall we explain the general tendency of Peltier effects 
toward extinction at low temperatures? Here too, according to the 
conceptions and the formulas of this paper, latent heat of ionization is 
a vital factor, and so there is no mystery in the observed temperature 
change. It is true that the ordinary conception of the Peltier effect heat, 
as due to the expansion of the free electron gas in going from one metal 
to another, accounts for the diminution of this heat with fall of tem- 
perature; but this conception cannot account for Bridgman’s discovery 
of internal Peltier heat within a metal crystal. 

The mathematical expression of the Peltier effect, in my theory, being 


Thap = (j/k) s\p— (hy/ hades 


pressure may act upon it either through the (k,/k) factor or through the 
\ factor. Taking, for simplicity, the temperature as 0°C, which makes 
(k;/k) =C, we have 


Tlag =Cgdg—Cada- 


It is to be remembered that, in the cases we are here dealing with, a 
indicates the natural state and 8 the compressed state of the same metal. 
Examination of Table II shows that in all of our eight metals except tin 
and zinc Cg is greater than C,, which fact tends to give II.s a positive 
value. But examination of Table I shows that in all of the eight metals 
except iron and tin JJ,, at 0° is negative. That is, in five of the eight 
metals the sign of Ilag at 0° is determined by the effect of pressure on AX, 
not by the effect on C. In all of the metals the value of II.g at 100° is 
negative, though in only two of them, tin and zinc, is (k;/k). greater than 
(k;/k)s at this temperature. In a majority of cases, then, the net effect 
of pressure on the Peltier effect comes through the \ factor, in opposition 
to the effect produced through the (k;/k) factor. 
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But the effect of pressure on the ratio (k;/k) deserves some further 
comment. A few years ago I was of the opinion that the “free” electrons 
moved through the spaces between the atoms, and so I believed that 
pressure, bringing the atoms nearer together, would tend to lessen ky 
while it would probably increase kg, the associated electron conductivity. 
I took it for granted, therefore, that (k;/k) would be diminished by 
pressure. But of late we have become familiar with the idea that slow- 
moving electrons may pass through atoms. The fact that most of the 
cases I have studied in this paper indicate an increase of (k;/k) with 
increase of pressure is favorable to this conception. If we adopt it and 
then reflect that decrease of temperature tends to extinction of A,—that 
is, to extinction of the difference between “‘free’’ electrons and “associ- 
ated”’ electrons,—we may come to think of the “‘supra-conductive”’ 
state as one in which the metal is, as regards the conductive electrons, 
in a state of flux. 

In a note too long to be added here it is shown that, according to the 
indications of the dual theory under discussion, the work done against 
opposing forces in photo-electric emission should be nearly independent 
of temperature, whereas the work done against opposing forces in ther- 
mionic emission should be (b—aT), where } and a are positive con- 
stants. This suggests the following transformation of Richardson’s 
emission formula 

—be aT —bo —(b—aT) 
t=ATV2eT =AT TET =A'T' T 


DEPARTMENT OF PHYSICS, 
HARVARD UNIVERSITY, 
CAMBRIDGE, Mass. 





AUGUST, 1926 PHYSICAL REVIEW VOLUME 28 


THERMOMAGNETIC AND GALVANOMAGNETIC 
EFFECTS IN ARSENIC 


By Noet C. LITTLE 


ABSTRACT 


Thermomagnetic and galvanomagnetic effects—The following coefficients 
expressed in absolute e.m.u. are determined at 20°C in a single plate of arsenic 
distilled in vacuum:—specific resistance, 4.6 X10‘; thermal conductivity, 3.68 
X10°; Peltier heat against lead, 3.80105; Thomson heat, 3.33 X10*; Hall 
coefficient, 4.52 X 10-?; Nernst coefficient, 2.25 X 10-*; Ettingshausen coefficient, 
1.75 X 1077 ;Righi-Leduc coefficient, 4.15X10-7. Between 0° and 170°C the 
temperature coefficient of resistance is 0.00435 and the thermal e.m.f. against 
copper is+(7.91 ¢+0.051 #) X10~-¢ volts. None of these coefficients shows varia- 
tion with magnetic field strength. Thermodynamic relations between different 
effects are checked as to order of magnitude but the difference between ob- 
served and computed values often differs by a factor of two. The thermo- 
magnetic and galvanomagnetic effects of arsenic, antimony and bismuth show 
increase with atomic number; the thermal conductivity decreases. The thermal 
and electrical conductivity of arsenic deviates markedly from the Wiedemann- 
Franz ratio. When a longitudinal temperature gradient of 10°C/cm existed 
in the plate, a field of 8000 gauss caused a drop in temperature of 0.4°C. 
This temperature change is proportional to the square of both temperature 
gradient and field strength. 


HE large values of the Hall and allied effects in bismuth and anti- 

mony suggest an investigation of these effects in arsenic, the element 
standing directly above them in the periodic table. This element has a 
further interest as its chemical properties place it in the borderland region 
between metals and non-metals. 

The samples of arsenic used in this investigation were obtained by dis- 
tilling rough crystals in vacuum at about 400°C and permitting the 
gaseous element which sublimes under these conditions to condense on 
the somewhat cooler yet still quite hot walls of the containing glass tube. 
The deposits thus obtained had a mirror surface on the side in contact 
with the glass, and a fine crystalline structure on the exposed concave 
side. These deposits may be removed readily from the glass and, with 
careful handling, ground and smoothed into rectangular plates. Although 
the measurements made were checked in several different specimens, 
those here reported were all obtained in a single plate 2.7 cm X1.1 cm 
0.02 cm. The curvature of the plate (the distilling tube was 2.3 cm in 
diameter) necessitates a slight correction because the magnetic field will 
not everywhere be normal to the surface of the plate. This correction 
has been applied in the results given below. The purity of the specimens 
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is best attested by their high temperature coefficient of resistance, found 
to be 0.00435 per degree Centigrade. The thermo-electromotive force, 
likewise sensitive to small impurities, was found to be essentially the same 
for several different specimens. Its value measured against commercial 
copper between 0°C and 170°C is given by +(7.91¢+0.051/) x 10- volts. 
The positive sign indicating that the thermo-electric current will flow 
from the hot to the cold junction in the arsenic. 

The magnet used in measuring the magnetic effects gave uniform fields 
of 4000 and 8000 gauss when excited with currents of 1 and 2 amperes 
respectively. The final maximum field strength was reached about 
15 seconds after excitation and observations on the effects were taken 
one half to three quarters of a minute later. The magnet showed no 
appreciable heating during the measurements. For one set of measure- 
ments the pole pieces were cylindrical 3 inches in diameter, for the set 
recorded here the ends were tapered at 60 degrees to faces 2 inches in 
diameter which were covered with disks of mica. The distance between 
the pole pieces was always at least 1/2 inch. 

The arsenic plate was mounted midway between the pole pieces in the 
center of the field by means of brass lugs soldered to its ends. These lugs 
which extended just outside the field were in turn soldered to 1/4 inch 
brass tubing through which water could be pumped and around which 
was wound a small heating coil, excited by about 0.3 amp. 60 cycle a.c. 
The tubes were rigidly fastened to a board 12 inches X6 inches X 1 inch, 
which could be firmly clamped to the end faces of the magnet coil. The 
lugs which held the arsenic plate in place also served to conduct the 
longitudinal heat and electric currents. 

Two constantan-copper couples made of wire 0.0015 inches in diameter 
were soldered to the center of the top and bottom edges of the plate. 
Additional copper wires of the same size were soldered at approximately 
0.2 inch and 0.3 inch on either side of the central junction and served to 
measure the temperature and potential gradients. All dimensions of 
the plate and the distance between the couples were taken before and 
after the measurements by means of a carefully graduated screw and 
travelling microscope. The fine wires of the couple extended about an 
inch away from the plate at which point they were soldered to heavier 
wire of the same material. All thermocouple circuits were carefully 
insulated on hard rubber strips. 

No heat insulating material came directly in contact with the arsenic 
plate, but the cotton packing wedged in firmly around the edges of the 
pole pieces prevented convective currents from causing temperature 
fluctuations. 
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All temperature and potential differences were determined by means 
of a potentiometer free from thermo-electric forces and a sensitive 
D’Arsonval galvanometer. The Hall effect was determined with both 
copper and constantan leads. The correction for the Ettingshausen 
temperature difference was negligible. The Ettingshausen effect itself 
was measured by noting in turn the changes in temperature of the 
junctions soldered to the center of the top and bottom edges of the plate. 
The temperature of the plate was sufficiently steady to permit of this 
procedure. In measuring both these effects the magnet current was 
turned on, reversed, and turned off and the process was repeated in the 
opposite direction, the reading of the potentiometer being taken after 
each change. The longitudinal plate current was also reversed in direc- 
tion. In every case consistent readings were obtained as to sign and 
magnitude. 

The Nernst and Righi-Leduc effects were measured in the same way 
except that potentiometer readings were taken only before and after 
reversal of the field. This modification in procedure was due to the fact 
that when a longitudinal temperature gradient exists in the plate, the 
excitation of a field causes a drop in the temperature of the plate as a 
whole, sufficient to mask any differential effect between the top and 
bottom edges due to the Nernst and Leduc effects. This temperature 
drop, however, is independent of the direction of the field. Hence, once 
the field is excited, it may be reversed without causing any general 
temperature change and then the differential effects between the edges 
become apparent. The correction for the Nernst effect on account of the 
Righi-Leduc temperature difference is quite appreciable and for this 
reason affords an independent method! of determining the latter effect. 
Determinations by the two different methods agree well and hence 
establish the validity of the method of using a single junction at a time 
in finding the Ettingshausen effect. 

The thermal conductivity was measured by the “bar method’? and 
checked by direct comparison with a copper specimen of the same size by 
an independent method. Neither the thermal nor electrical conductivi- 
ties seemed to be affected by the magnetic field. The method of determin- 
ing the thermal e.m.f. was the same as previously used in this laboratory 
and described elsewhere.® It is particularly adapted to the measurement 
of small specimens. The Peltier and Thomson heats were computed by 
finding the thermal e.m.f. of the arsenic against lead using accepted 

' Unwin, Proc. Roy. Soc. Edin. 24, 208 (1914). 


*O’Day, Phys. Rev. 23, 245 (1924). 
* Hutchins, Am. Journ. Sci. 48, 226 (1894). 
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values‘ of copper against lead and using the well known formulas. Both 
effects are positive indicating that heat is absorbed by. the positive 
current from the surroundings in flowing from lead to arsenic and that 
heat is absorbed by the positive current in flowing from cold to hot 
metal. The thermal e.m.f. was not affected by the magnetic field. 

The longitudinal electric current and temperature gradient were 
varied from 1 to 3 amperes and from 5 to 10°C/cm. The magnetic field 
was 4000 or 8000 gauss. Within these limits the effects showed no 
variation. 

Table I gives the values of the effects in arsenic, measured at 20°C 
in absolute electromagnetic units. All effects are positive according to 
the usual® sign conventions and definitions. No attempt was made in 
general to determine the temperature coefficients of these effects. For 
purposes of comparison, the corresponding values for antimony and 
bismuth are included.“ 


TABLE I 
Thermo- and galvanomagnetic effects in arsenic, antimony and bismuth 


Arsenic Antimony Bismuth 
Specific resistance .60 x 104 4.05 x 10* 16 X 104 
Thermal conductivity .68 X 10° 1.67108 .81X 10° 
Peltier heat against lead .80 X 10° * .78X10° —21.6x10° 
Thomson heat .33 X108 *2.34xK10 .94 X 10° 
Hall coefficient .52X107 21.9X107 —633 X10™ 
Nernst coefficient .25X10-3 17.6 X10 178 X10 
Ettingshausen coefficient .75X1077 19.4107? 350X107 
Righi-Leduc coefficient .15X1077 20.1x1077 —20.5x1077 


* Tables Annuelles de Constantes 2, 351 (1913). 


All corrections suggested by Hall® have been applied except that 
regarding the finite length of the plate. The fragile nature of an arsenic 
plate makes impracticable the development of an empirical formula 
showing the variation of the effects with length of plate such as Hall 
found in the case of gold. However, an independent investigation in the 
case of copper indicated that this correction for a plate of given material 
and thickness depended only on the ratio of length to breadth and that 
it was quite negligible if this ratio was greater than 2 or 3. 

In magnitude the thermo- and galvanomagnetic effects in arsenic bear 
about the same relation to those of antimony as those of antimony do to 
those of bismuth. There is, then, a steady increase as one advances down 
this column of the periodic table. Although the effects in arsenic are 
smaller than in antimony and bismuth, they are much more marked 
than in other metals with the exception of tellurium, silicon and graphite. 

* Bridgman, Proc. Am. Acad. 53, 269 (1918). 


5 Bridgman, Phys. Rev. 24, 644 (1924). 
® Hall, Phys. Rev. 26, 820 (1925). 
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Arsenic, antimony and bismuth show a decreasing thermal conductivity 
in the order named. In regard to electrical conductivity, however, 
antimony is slightly above arsenic, so that the order is antimony, arsenic, 
bismuth in decreasing magnitude of electrical conductivity. The decided 
deviation in the case of arsenic from the Wiedemann-Franz ratio is 
perhaps due to its non-metallic properties. The measurement in a single 
specimen of all the effects affords an admirable check on the thermo- 
dynamic relations summarized by Bridgman. The observed values and 
those computed by these relations were always of the same order of 
magnitude but often differed by a factor of two. 

The particular mounting of the arsenic plate used was not especially 
adapted to the measurement of the marked temperature drop which 
occurred upon excitation of the magnetic field when and only when a 
longitudinal temperature gradient existed in the plate. However, the 
writer is convinced that this reduction in temperature extends through- 
out the length and breadth of the plate and is neither due to a change 
in thermal conductivity nor to a change in the temperature of the sur- 
rounding air. This effect reached a magnitude of 0.4°C with the maximum 
field and gradient used. The temperature change was independent of 
the direction of either field of gradient and upon investigation was found 
to vary as the square of these quantities. Nernst is reported’ to have 
observed a similar effect in copper, but the author believes that the square 
relation with the temperature gradient is here annunciated for the first 
time. It is intended to investigate this effect further to determine its 
relation to the dimensions of the plate. A provisional definition of its 
coefficient may be given, however, by the equation: 

Temperature change = coefficient (temp. gradient)? (field strength)? 
The value obtained in arsenic at 20°C was —6.25X10-'*. The negative 
sign indicates a drop in temperature upon excitation of the magnetic 
field. 


BowpboIn COLLEGE 
April 19, 1926. 


7 Campbell, “Galvanomagnetic and Thermomagnetic Effects,” p. 254. 
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BOOK REVIEWS 


The Quantam Theory of the Atom. G. BirrwistLE.—The book gives a clearly 
written account of the development of the quantum concept from its origin in the theory 
of black body radiation to the latest progresses, the dispersion theory of Kramers and 
to Heisenberg’s new quantum mechanics. For the student of the advanced atomic 
physics very commendable are the chapters on Hamiltonian mechanics, contact trans- 
formations, angle variables, and at the end of the book those on the Delaunay elements 
of the Kepler ellipse, on theory of perturbation and of dispersion. 

A number of chapters are devoted to the consideration of x-ray and optical spectra 
and to the discussion of the periodic system. In general, these subjects are treated in 
less satisfactory manner. In the description of the series spectra the author confines 
himself to the alkali type, and almost entirely neglects the atoms with more than one 
electron. Quite unsatisfactory is the author's report on the complex structure of lines. 
The doublet structure of the alkalies and the triplet structure of the alkaline earths are 
briefly mentioned, yet the author does not discuss the occurrence of an independent 
singlet system in the latter ones, nor the variation of the multiplicity of a term with k. 
(In the figures on p. 130 and 131, the notation is evidently unconventional.) Likewise 
the chapter on x-ray spectra is not strictly up-to-date. The Bohr-Coster diagram on 
p. 152 with its rather curved ./ N/R-lines causes the impression that the x-ray terms 
do not very closely follow Moseley’s law; but no mention is made of the remarkable 
occurrence of breaks in these curves due to the completion of inner shells. In describing 
the x-ray diagram the author uses the very obsolete a-b-rule which long since has been 
replaced by an actual quantum theoretical selection rule. It must also be deplored that 
the author did not discuss the interesting dilemma that the relativisitic doublets seem 
to correspond to a difference in the inner quantum number j rather than in azimuthal 
quantum number k, (as the author puts in in his figure on p. 153), and the strange 
similarity of the x-ray diagram to the alkali energy diagram, which has led to many new 
ideas, (e.g., rotating electron). In his discussion of the periodic system the author still 
presents Bohr’s scheme. This seems rather unfortunate, as it has since been replaced by 
the much more satisfactory scheme of Stoner which is firmly supported by spectroscopic 
facts (compare Pauli’s and Hund’s recent investigations in Zeits. f. Physik). In spite 
of these defects on the more empirical side of the quantum theory the book is a welcome 
guide to the student in the more mathematical parts. Pp. xi+236, Cambridge Univer- 
sity Press, 1926. Otto LAPORTE 


Problems of Atomic Dynamics. (Lectures delivered at the Massachusetts Institute 
of Technology). Max Born.—It would perhaps be rash to say that the year 1925 marks 
the beginning of a new era in physics, but one may say with reasonable confidence that 
with this year physics enters a new and important phase of development. On the one 
hand the beautiful experiments on the scattering of x-rays by Compton and Simon and 
by Geiger and Bothe seem to have established the reality of the light corpuscle beyond 
cavil and thus definitely to have closed one aspect of the controversy over the nature of 
radiation which has been agitating the world of physics since 1905. On the other hand 
new quantum “mechanics’’ developed primarily by Heisenberg, Born, and Jordan points 
the way out of the maze of difficulties into which the concepts of Bohr have gradually 
led. For several years it has been clear that the postulates of the classical Bohr theory 
are inadequate for an accurate description of the atomic and molecular world and hence 
it is with a real sense of relief that many will take up the method of approach to the 
problems of atomic physics which the genius of Heisenberg and Born has opened up. 
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It must be admitted that the new theory is formal rather than physical and too abstrusely 
mathematical to appeal to the average experimental physicist. Fundamentally it is a 
scheme for calculating the frequencies and intensities of spectrum lines in which the 
details of the Bohr model of quantized orbits are deliberately omitted from considera- 
tion. The energies of the individual ‘stationary states’ are no longer separately deter- 
minable since each is made to depend on all the rest. But the new method of calculation 
gives answers in harmony with the experimental facts with a minimum of special 
hypotheses and that is about all that could ever be claimed for Maxwell’s equations. 
It is to be hoped that before long simpler and perhaps quasi-geometric ways of expressing 
the new theory may be found, but in the meantime those who wish to keep abreast of 
the times will welcome every aid to the understanding of the fundamental papers which 
have already appeared. It is a happy circumstance for American physicists that Pro- 
fessor Born was engaged to deliver these lectures on atomic dynamics just as the first 
accounts of the new matrix mechanics were appearing in Germany. The prompt publi- 
cation of the text of the lectures with their summary of the first results obtained by this 
method should be of great service in helping us to keep up with the stream of thought 
in a field in which we have been too prone to lag behind. 

“Problems in Atomic Dynamics” contains the text of two series of lectures the first 
of which deals with the structure of the atom, while the second takes up the lattice theory 
of rigid bodies. The twenty lectures of the first series contain a short account of the 
classical Bohr theory and of its limitations as well as a more extended summary of the 
matrix mechanics. The ten lectures of the second series give an interesting outline of the 
present state of the theory of crystal lattices which should be especially valuable to those 
who have not the time and energy to follow through the complexities of Born’s more 
complete work ‘“‘Atomtheorie des festen Zustandes.”’ Unfortunately the original lectures 
have not been elaborated for publication and many readers will be somewhat dis- 
appointed by the absence of detail and the omission of references. Pp. xiv+200, 43 


figs. The Massachusetts Institute of Technology, Cambridge. Price $3.50. 
E. C. KEMBLE 





THE AMERICAN PHYSICAL SOCIETY 


PROCEEDINGS 


OF THE 


AMERICAN PHYSICAL SOCIETY 


Minutes of the Oakland Meeting, June 17, 1926 


The 140th regular meeting of the American Physical Society was held 
in Oakland, California, at the Laboratory of Physics of Mills College, 
in affiliation with the Pacific Division of the American Association for 
the Advancement of Science. The meeting of that Association included 
a research conference, Wednesday, June 16, and other meetings and ex- 
cursions extending through Saturday, June 19. The meeting of the 
American Physical Society was held Thursday, June 17, the morning 
session beginning at 10 o’clock. The afternoon session was a joint ses- 
sion with the Astronomical Society of the Pacific. The program con- 
sisted of fifteen papers of which abstracts are given in the following pages. 
An Author Index will be found at the end. 


ABSTRACTS OF PAPERS 


1. Polarization of x-rays. P. A. Ross, Stanford University ——Two methods were 
used. In the first, two films of metals occupying adjacent positions in the periodic 
table were so adjusted in thickness that their absorption curves coincided except be- 
tween the K absorption limits. The x-rays, after scattering from paraffin at 90°, were 
passed through a slit system into an ionization chamber. Absorbing screens of pairs of 
metals (silver, cadmium, etc.) were placed in front of the chamber and readings taken 
through them alternately. Differences between readings then gave the intensity of 
the radiation lying between their K absorption limits. By rotating the x-ray tube 
through 90° the polarization of this band could be obtained. The results indicate an 
exponential increase in the amount of polarization as the short-wave limit of the scattered 
radiation is approached. Polarizations as high as 90% were obtained and the curves 
indicate 100% polarization at the limit. In the second method the sensitivity of the 
electrometer was raised from 6000 to 30,000 s.d./volt and the ordinary crystal reflection 
method used to obtain the distribution of energy in the radiation scattered from paraffin 
in directions parallel and perpendicular to the cathode stream. Again, polarization was 
found to increase rapidly near the short-wave limit of the scattered radiation. 


2. X-ray isochromats of copper taken in different directions relative to the 
cathode stream. WARREN W. NicHo tas, Stanford University—X-ray isochromats 
of copper have been taken in three different directions relative to the cathode stream. 
It is found that an isochromat of frequency » is linear, within experimental error, from 
about (5/4)Hv to 2H», where Hy is the quantum voltage for excitation of frequency ». 
The linear portions of the graphs were extrapolated to find the intercept on the intensity 
axisat Hy. This intercept was, within experimental error, independent of voltage, but it 
did depend on @, the angle between the measured x-rays and the cathode stream. It is 
established that the intercepts for @=90°, and for the range of excitation voltages here 
used (15 kv. to 50 kv.), are within the limits of +0.07J’ + 0.03’, where J’ is the intensity 
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of the isochromat », @ at twice the excitation voltage. For @=142° the intercepts are 
nearly zero, or if anything, negative, the difference betwéen them and the 90° intercepts 
being well outside limits of error; but for 6=38° the intercepts differed from those at 
90° by only about 0.017’, being greater, and this amount is not outside the limits of 
error. 


3. Spatial distribution of the intensity of x-rays scattered by copper. G. E. M 
Jauncey and A. W. Coven, Washington University, St. Louis.—The total (i.e. unmodified 
plus modified) mass scattering coefficient per unit solid angle in a direction ¢ for x-rays 
of \=0.41A when scattered by copper has been measured for various values of ¢. The 
Crowther method was used. The values obtained were: 40°, .083; 50°, .054; 60°, .034; 
70°, .029; 80°, .024; 90°, .0162; 100°, .0162; 110°, .0186. The Thomson value of the 
mass scattering coefficient per unit solid angle for copper at an angle ¢ is 0.0109 (1+cos? 
¢). The ratio of the experimental value for the coefficient to the Thomson value at the 
same angle decreases from 4.8 at 40° to 1.45 at 100°. At 110° the ratio is 1.52. This 
however may be in error. Omitting the ratio at 110° it appears that the ratio tends to 
approach unity at large angles. With carbon as the scatterer and \=0.44A, the ratio 
becomes unity at about 90°, while at 60° the ratio is 1.37. For copper at 60° and \=0.41A 
the ratio is 2.6. The ratio for a given angle and given wave-length thus tends to increase 
with the atomic number of the scatterer. 


4. Ratio of intensities of modified and unmodified rays in the Compton effect. Y. H. 
Woo, University of Chicago.—Using the method already described (Phys. Rev. 27, 
119, 1926) in which small tubes of the Compton type and Soller collimators were em- 
ployed, reliable measurements of the intensity ratio of modified to unmodified line in the 
scattered AgKa rays were obtained from fifteen radiators—chemical elements of atomic 
numbers ranging from 3 to 29. In each case the experiments were performed at a single 
scattering angle, 120°. Since the wave-length range examined was small, the relative 


intensity of each spectrum was obtained by integrating with a planimeter the area under 
the ionisation curve which represented the line. The values of the intensity ratio for 
various scatterers as determined are given in the following table. 


Intensity Intensity 
Radiator At. No. ratio Radiator At. No. ratio 
Li oo S 16 1.91 
Be 8.72 K 19 1.72 
_- 7.02 Ca 20 1.71 
C 6 5.48 cy 24 75 
Na 11 3.04 Fe 26 a | 
Mg 12 2.78 Ni 28 .40 
Al 13 2.61 Cu 29 | 
Si 14 2.33 


5. The disappearance of the unmodified line in the Compton effect. Y. H. 
Woo, University of Chicago.—Jauncey’s theory of the scattering of x-rays by bound 
electrons (Phys. Rev. 25, 314) demands the disappearance of the unmodified line in the 
Compton effect at values of the scattering angle greater than that given by vers ¢ =242 
Ao?/A,, where Ao is the wave-length of the primary x-rays and \, is the K critical absorp- 
tion limit of the scattering substance and both \, and Xo are given in Angstroms. For the 
scattering of Ag Ka x-rays (A» =.5604A) by beryllium, boron and carben the values of 
this critical scattering angle are calculated to be 64°, 98° and 137° respectively. The 
writer has accordingly scattered Ag x-rays by beryllium at 105° and 120°, by boron at 
120° and 135° and by carbon at 140° and examined the scattered x-radiation spectro- 
scopically by means of the ionization method already described (Phys. Rev. 27, 119). 
In every case the unmodified peak shows up definitely, though it is faint in comparison 
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with the modified line. Thus the results of the present work are not in agreement with 
Jauncey’s theory and are contrary to the experiments recently reported by Jauncey and 
his collaborators (Phys. Rev. 27, 102; Bul. Amer. Phys. Soc. vol. 1, no. 9, p. 10, (Apr. 
1926) ). 


6. Intensity distribution in the Ka doublet of the fluorescent x-radiation. Y. H. 
Woo, University of Chicago.—The characteristic fluorescent K x-rays of Zn, As (As2Os), 
Sr (SrCl,), Zr (Zirkon), Mo, Ag, Sn and I were excited using a water-cooled silver target 
tube which was operated at about 60 kv peak and 40 to 50 m-amp. The rays from the 
secondary radiator were limited by a Soller collimator and reflected from a calcite crystal 
of a Bragg spectrometer into an ionization chamber filled with ethyl bromide. The 
3rd to 4th orders were used. Assuming each component of the a doublet to be a single 
line of the same width, the relative intensities of a; and a: for various elements are found 
to be: ° 


Element Order Ka;/ae Element Order Ka; /az 
Zn 3rd 2.00 Mo 4th 2.00 
As 3rd 1.98 Ag 4th 2.06 
Sr 4th 1.96 Sn 4th 2.00 
Zr 4th 1.96 I 4th 2.05 


The results show that the ratio of the intensities of the two a components for elements 
of atomic numbers ranging from 30 to 53 remains constant and has the approximate value 
2 to 1, in agreement with the experiments done by Siegbahn and Zacek and by Duane 
and his collaborators with emission spectra. 


7. Proposed experiments on resonance radiation, and a derivation of the 
formula for the Doppler shift of scattered or of resonance radiation. ARTHUR 
Epwarp Ruark, Bureau of Standards.—1. When \2536 from a mercury resonance lamp 
falls on a bulb containing Hg vapor heated above 275°C., it is regularly reflected; at 
lower vapor densities, reflection ceases to be regular. The reflected beam is only partially 
coherent. This affords a means of studying the gradual transition from instantaneous 
scattering-in-phase to ordinary resonance radiation. Using intermediate vapor densities, 
it is proposed to study the angular distribution of the reflected light, and its polarization 
when the incident light is polarized in various ways. 2. Schriédinger’s method of deriving 
the Doppler shift on the hypothesis of unidirectional quanta is extended to include any 
scattering process, however complicated, or any series of absorptions followed by 
emissions after finite times. The formulae for simple scattering and for resonance radia- 
tion are identical. 3. Arguments are given in support of the assertion that, if two 
methods of scattering result in the same relative wave-lengths at different angles, they 
need not also result in the same relative intensity at different angles. 


8. Series spectra of beryllium Be; and Ben. I. S. Bowen and R. A. MILLIKAN, 
California Institute of Technology.—We published in Nature in 1924 a preliminary 
report on the term values of Bez: series lines. By the methods there outlined and especi- 
ally because we have recently obtained from Hugh Cooper, of the Kemet Laboratories 
Inc., Cleveland, electrodes of metallic beryllium, we have completed the location of all 
the important term values of Be; and Ber as follows: 

Ber Ber 
3s 23110.22 3d 13137.50 2s 146880.5 4p 28120.2 
4s 10685 .0 4d 7249.2 3s 58649.3 Sp 17910.2 
5s 6186.9 5d 4589.7 4s 31424.8 3d 48827.4 
6s 4033 .0 6d 3165.7 Ss 19546.3 4d 27460 .4 
2ps $3212.86 7d 2315.5 2pa 114951.7 Sd 17574.6 
2p: 53212.18 8d 1760.1 2p1 114945.1 4f 27435 .0 
2fr 53209 .83 3p 50384.7 Sf ° 17558 .0 
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9. Intensities in the hydrogen fine structure. Witt1am V. Houston, National 
Research Fellow, California Institute of Technology.—Sommerfeld and Unséld have 
recently treated the intensities of the hydrogen fine structure components by analogy 
with the known intensities in the alkalies. This treatment gives a doublet separation 
which does not agree with the precise experimental value. They also require for the 
explanation of intensity variations that the 2s state shall be metastable. This scarcely 
Seems valid in view of the fact that it coincides with the 2, level, and that jumps 
between these levels give very strong lines in the alkalies. The observed facts can be 
explained by plausible assumptions as to the intensity of the forbidden components 
3p1—2p1, 3p2—2p2, and 3s—2s in the order of decreasing intensity. The work of many 
observers shows that these components are to be expected in this order, and that the 
current in a discharge tube is likely to produce them in hydrogen. These components 
will increase with an increase in current and thus explain the effect of current density on 
the observed structure. They also show a resultant polarization which explains the 
polarization observed in Ha. 


10. On the luminosity of comets. H. ZaNstra, National Research Fellow, Cali- 
fornia Institute of Technology.—Treating the sun as a black body of temperature 
T =6000°, the strength of a resonance line in the head of a comet has been calculated 
under the assumption that a spectral line of relative width w=Av/v is completely ab- 
sorbed from the sunlight. Taking for the temperature of the comet’s head a value of the 
order 300° Abs. and for w the half width corresponding to this temperature, the following 
formula is derived for the magnitude maoom of the comet’s head in the light of one spectral 
line ~. frequency v: 


Macom = —6.4—5 log D,—2.5 log w+1.086 x,—7.5 log x,—log u, 


where D,; =apparent diameter of comet's head, in minutes, x, =/hv/kT, and yu the multi- 
plicity of the line, the comet being one astronomical unit away from sun and earth. The 
formula applies to the D-line of sodium and may tentatively be used for certain bands 
in the spectrum. Disregarding, for a rough comparison, the continuous spectr a, the 
formula leads to a total luminosity of the comet’s head of the same order as observed 
(Holotschek). 


11. The mobility of acetyleneions in air. HENrRy A. Erikson, University of Minne- 
sota.—The mobilities in air of the positive and negative ions produced in acetylene by 
means of the alpha rays from polonium have been measured by means of a blast method. 
It is found that in acetylene as in air, carbon dioxide, hydrogen and argon only one 
negative ion is formed. This ion has the same mobility in air as have the negative ions 
formed in the other gases referred to. It is also found that in acetylene, at least up to an 
age of one second, only one positive ion is formed whereas in air, carbon dioxide, hydrogen 
and argon an initial positive ion is formed which in a fraction of a second changes over 
into a final positive ion. The initial positive ions in air carbon dioxide and argon all 
have the same mobility in air as have the negative ions formed in these gases. In 
hydrogen however, the initial positive ion has a mobility slightly less than the above. 
It is found that the positive ion formed in acetylene also has a mobility slightly less. 
Acetylene therefore resembles hydrogen in this respect. It is also found that a neutral 
acetylene molecule is able to take up the charge of the final positive ion formed in 
air and in nitrogen. The resulting positive ion has the same mobility in air as the normal 
positive acetylene ion. This indicates that the process is of the nature of an electron 
interchange rather than a chemical oxygen effect. 


12. The Characteristics of a Spark. W. P. Boynton anp W. H. Brattain, 
University of Oregon. 
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The external behavior of an electric circuit containing a spark gap is described by 
assuming the conductance continuously decreasing to zero in a finite time. Assuming 
this decrease uniform one of us (Phys. Rev. (2) 5, p. 511, 1915)-has given equations for 
the discharge of a single oscillating circuit and of two tuned circuits with quenched pri- 
mary spark. The treatment is now extended to the openirig of a switch and to the partial 
discharge of a condenser. 

By a cathode ray oscillograph an oscillatory spark of period .0269 sec. has been 
studied in detail. In each half-cycle the potential starts at the break-down value, falls 
quickly to a low level, describing a curve convex to the axis, then reverses to break-down 
value of opposite sign, each low level “cup” being further from the axis than its predeces- 
sor. Potential and current curves were coordinated to secure a potential-current char- 
acteristic, agreeing with that obtained by direct experiment. This shows entirely distinct 
branches for successive half cycles of the same sign, and does not retrace for increasing 
and decreasing currents. The behavior is explained on the basis of ionization followed by 
saturation currents. 


13. An analysis of the periodic fluctuations in a high voltage direct current 
system. Lronarp P. Dickinson, Stanford University.—The paper gives results of tests 
upon the high voltage set used in the x-ray laboratory of the Department of Physics of 
Stanford University. Curves taken with a Braun-Ryan oscillograph, show that the 
charging currents supplied to the condensers of the set by the rectifying kenetrons, 
contain a second harmonic of 3744%, with other harmonics of lesser magnitude. The 
result is that these condensers are charged during approximately one-third of a cycle, 
and are discharged during the remaining two-thirds of the cycle. As would be expected, 
the discharge current is equal to that supplied to the x-ray tube. The analysis of the 
condenser current agrees so closely with theory that it is felt that theoretical predictions 
as to voltage fluctuations at the x-ray tube are essentially correct. These predictions 
indicate that the maximum fluctuation at the terminals of the load will not exceed 7.0 
volts, with a current in the x-ray tube of 10 mil-amperes. It is concluded that the varia- 
tion in load voltage is negligible under the usual conditions of service. 


14. Velocity distribution of high-speed secondary cathode rays. S. CuyLINskI, Uni- 
versity of Chicago.—Electrons from a Coolidge cathode of a specially constructed 
metal x-ray tube strike a silver target at 45° located in a space free from electrostatic 
fields. A beam of secondary electrons emerging from the target at 90° with the primary 
is bent by means of a magnetic field into a semi-circle of 6 cm radius, and enters a Fara- 
day cylinder. Appropriate slits are interposed in the path of the beam, and the walls of 
the tube are smoked to reduce stray radiations toa minimum. The velocity distribution 
of the outgoing electrons for primary velocities ranging from 5000 to 20,000 volts have 
been investigated. The curves show that the greater number of the outgoing electrons 
have speeds comparable to those of the primary rays. After reaching a maximum at a 
velocity of about 0.8 of the initial velocity the number of secondary electrons falls sharply 
to zero for velocities more than about 0.9 that of the incident electrons. It seems prob- 
able that energy relations exist between the primary rays and the outgoing electron 
similar to those in the case of photo-electrons excited by x-rays. In order to obtain a 
more definite test of this point an investigation of the velocity distribution up to volt- 
ages beyond the critical potential for the K series of silver is now in progress. 


15. Some electrostatic disturbances upon the earth which seem to be caused by 
disturbances upon the sun. FERNANDO SanrorD, Stanford University.—In an 
apparatus which has been used for the past five years for measuring a daily variation 
of the surface potential of the earth at Palo Alto, there are at certain times very great 
deviations from the ordinary daily range of variation. These deviations have some of 
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the characteristics of magnetic storms, but they seem to occur most frequently during 
the forenoon hours, while magnetic disturbances occur at the same time all over the 
earth. Since very great earth potential disturbances have accompanied some of the 
great sun spot disturbances, an attempt has been made to find whether the disturbances 
of earth potential regularly accompany the passage of sun spots across the sun’s central 
meridian. The data given in the paper indicate the probability, but not the certainty, 
of a physicial relation between the two phenomena. 
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